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Abstract

We study strategic experimentation on a resource that, if productive, depletes when harvested
and grows deterministically otherwise. Harvest opportunities arrive according to a poisson
process whose rate is proportional to total experimentation intensity and whose value depends
on the level of the resource at the time of arrival. In a symmetric Markov perfect equilibrium,
when players are sufficiently confident that the resource is productive they exploit it at levels
where a social planner would have them wait. When they are unsure, they stop experimenting
at a higher belief than the planner would, whatever the initial resource level. In between, they
exploit the resource to the point where it pays the same as an outside safe option, dissipating its

rent as in an open-access fishery. Sustaining this requires Filippov solutions.
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1 Introduction

A fishing guide who tries an unfamiliar site learns from her encounters whether the target species is
there, but each encounter also disturbs the fish and makes them harder to catch for a time. In a
controlled experiment with rainbow trout, Koeck et al. (2020) find that temporary closures raise
later catch rates, so catchability recovers when a site is left alone.! Phishing works in a similar way.
Whether or not a victim who takes the bait ends up paying, the reports and warnings that follow
can tell other scammers that the population is vulnerable, but they also make the population harder

to fool until awareness fades.

In both examples, each encounter with the resource results in both a positive externality (public
information) and a negative externality (the resource becomes harder to exploit for a time). The
first effect pushes players to free ride on each other’s experiments, as in the literature on strategic
experimentation (Bolton and Harris, 1999; Keller et al., 2005). The second leads them to rush, as in
the tragedy of the commons (Gordon, 1954; Levhari and Mirman, 1980). The two distortions push
in opposite directions, and we ask which one dominates, where it dominates, and what equilibrium

experimentation looks like when both are present.

We study a game of strategic experimentation with exponential bandits whose reward follows a
piecewise deterministic controlled process. There are N > 2 players experimenting with a resource
that is either productive or unproductive. If the resource is productive, then reward opportunities
arrive according to a Poisson process with rate proportion to the total intensity of experimentation.
Each oppotunity translates into a fixed payoff with probability equal to the current quality of
the resource. Quality grows deterministically in between arrivals and resets to zero following any
opportunity arrival, whether or not the opportunity translates into a payoff. At each moment
in time, players divide a unit of effort between experimentation or exploitation of the resource
and a safe activity that yields deterministic flow payoff. Actions and opportunities are publi (an
extension where only payoffs are public is discussed in Section 8). Player strategies depend on
the state of the game, which consists of the players’ common posterior belief about the resource’s
productivity potential and its quality level. We solve the planner’s problem from every state and,
under conditions that hold in large groups construct a symmetric Markov perfect equilibrium on

the whole state space.

Which distortion dominates depends above all on what the players believe (Theorem 3). When
players are confident that the resource is productive, they use full effort at qualities at which a
planner would let it recover. There is little left to learn, so the tragedy of the commons dominates.
When players are unsure and quality is high, the comparison reverses. Players then experiment
less than the planner, and their learning stops at a higher belief. A discovery is worth less to a
player than to the planner for two reasons. First, a player values it only for herself. Second, after
a discovery the players compete for the known resource and harvest it too early, which dissipates

part of its rent. Figure 1 shows where each distortion applies. If failed opportunities are hidden,

!The experiment speaks only to recovery. The model assumes that encounters are public, that they occur at a rate
that does not depend on catchability, and that each one fully resets catchability.
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Figure 1: Players exploit the resource too early when they are confident that it is productive, and
learn too little when they are unsure and quality is high. Each point is a state, with quality p on the
horizontal axis and the players’ belief p that the resource is productive on the vertical axis. Shading
shows equilibrium minus efficient aggregate effort, per player. It is red where players use more effort
than the planner (too early), blue where they use less (too little), and grey where both choose the
same effort. Black curves bound the equilibrium’s waiting and full-effort regions, the vermilion
curve is the sliding arc, on which working the resource pays exactly the safe return, and the dashed
blue curve bounds the planner’s waiting region. On the top edge, Eny and Ry are the qualities at
which the equilibrium and the planner start exploiting a resource known to be productive. On the
right edge, ¢ and pﬁ are the beliefs at which equilibrium and efficient learning stop at full quality.
Baseline parameters: N = 3 players, A\=1, h=2,s=1,7p=1and r = 0.2.

competition can dissipate all of the rent, and learning then stops at an even higher belief (Section 8).

How much is learned does not depend on the initial quality of the resource, either in equilibrium
or in the planner’s solution (Theorems 1 and 3). An idle resource recovers, so experimentation can
always wait for better quality, and the decision to stop is effectively taken at full quality. Total
experimentation and the probability of a discovery are then pinned down by the belief at which
learning stops, and initial quality affects only when the experimenting takes place. Learning stops at
the same belief in every Nash equilibrium in which players commit to deterministic effort schedules
until the first opportunity and follow the known-state equilibrium afterward (Theorem 6), so this

conclusion is not specific to the equilibrium we construct.

In the equilibrium we construct (Theorem 2 and Figure 5), nobody experiments while quality is
low. Players use interior effort only in two narrow bands, one just above the quality at which a
known productive resource starts to be exploited and one near full quality, where the equilibrium
corresponds to the symmetric equilibrium of Keller et al. (2005). At intermediate qualities, players

wait whenever working the resource would pay less than the safe activity and use full effort whenever



it would pay more. The state is therefore held on the curve along which working the resource pays
exactly the safe return, and it slides down this curve as quality recovers. On the curve, recovery
pins down aggregate effort, which does not depend on the number of players, and the flow rent of
the resource is dissipated, as in the open-access fishery of Gordon (1954). Values stay above the
safe payoff, because a discovery is still valuable. Every regular symmetric equilibrium behaves this
way at these qualities (Proposition 5). Regularity requires a continuously differentiable value and
a strategy that switches on finitely many smooth curves, waits at low beliefs and uses full effort
at high ones. As the group grows, the range of such qualities expands to every quality at which a

productive resource pays more than the safe activity (Proposition 4).

In this model, some deviations to markov strategies admit no ordinary trajectory best reponse
(Proposition 5). Following Jaakkola and Wagener (2026), we use trajectories in the sense of Filippov
(1988), which let the opponents’ aggregate effort on the curve take any value between its limits on
the two sides, in particular the value that keeps the state on it. If players revise their effort only
at dates A apart, every deviation has an ordinary trajectory. As A — 0, the largest gain from a
deviation from the constructed strategy vanishes, uniformly over compact sets of initial states with
uncertain beliefs and quality below one, so the strategy yields approximate Nash equilibria, and
the path of play before a discovery converges to the equilibrium path, which slides along the curve
(Proposition 6). Whether an exact Markov perfect equilibrium with ordinary trajectories exists is

left open.

A discovery ends all uncertainty about productivity. As a result, a player’s payoff above the
safe payoff, divided by the probability that the resource is unproductive, depends only on the
deterministic path that the belief and quality follow without a discovery (Lemma 6.1). The game
before a discovery thus becomes a deterministic differential game in the log odds of the belief
and a clock that measures quality. In this game, each player’s private gain from effort satisfies
a linear transport equation along paths of waiting and of full effort (Lemma 6.2), which lets us
build the equilibrium region by region and confirm it with a verification theorem for Filippov
trajectories (Theorem 4). For the planner with an uncertain prior, the objective written in terms
of the probability of no arrival conditional on productivity is strictly concave, which identifies the

optimal policy (Theorem 1).

Related literature. Strategic experimentation with public information goes back to Bolton
and Harris (1999), with Brownian news, and Keller et al. (2005), whose exponential-bandit game
supplies our information structure. At full quality our equilibrium corresponds to their symmetric
equilibrium, with the value of the known resource as the continuation after a success. Keller and
Rady (2010) study inconclusive Poisson news, and Horner and Skrzypacz (2017) survey the literature.
Later work studies negatively correlated arms (Klein and Rady, 2011), bad news (Keller and Rady,
2015), private payoffs (Heidhues et al., 2015), collaboration and disagreement (Bonatti and Horner,
2011, 2017), contests (Halac et al., 2017), networks (Board and Meyer-ter Vehn, 2024), and ways to

overcome free riding (Horner et al., 2022). In all of these papers, the payoff to a success does not



depend on a stock that successes deplete.

The papers closest to ours are Cripps and Thomas (2019) and Thomas (2021), which combine
learning with congestion. In the queueing model of Cripps and Thomas (2019), observing other
agents is informative but waiting behind them is costly. In Thomas (2021), players with private
risky arms compete for a common safe arm, and congestion gives occupying it a strategic option
value. In our model the congested object is the risky resource itself, which experiments both reveal

and deplete, and the competition over it continues after its productivity is known.

The tension between preemption and free riding also appears in timing games. In preemption
games, competition to move first dissipates the advantage of moving first (Fudenberg and Tirole,
1985), and several papers combine preemption with the incentive to wait (Park and Smith, 2008;
Anderson et al., 2017). Kim and Lee (2014) study information acquisition in a war of attrition. In
Eilat et al. (2026), two players repeatedly inspect, at a cost, whether a prize has appeared. After
a failed inspection, the probability that it has appeared restarts from zero, much as quality does
after an opportunity in our model. Depending on how much a player gains when the other finds the
prize, competition to be first or free riding dominates, and players inspect too often or too rarely.
In our model both forces operate in the same equilibrium, and which one dominates depends above

all on the players’ belief.

The commons literature studies the exploitation of a stock of known productivity (Gordon, 1954;
Levhari and Mirman, 1980; Dockner et al., 2000). Antoniadou et al. (2013) and Fesselmeyer and
Santugini (2013) add uncertainty about the stock or its environment, but their players do not learn
by experimenting. On the methodological side, we use the Markov perfect equilibrium of Maskin
and Tirole (2001) with Filippov trajectories, as Jaakkola and Wagener (2026) do for deterministic
differential games with discontinuous Markov strategies, and Cortés (2008) surveys solution concepts
for discontinuous dynamical systems. Our game has Poisson jumps and time-varying dynamics

between them, and we prove existence by constructing the equilibrium and verifying it directly.

2 Model

2.1 Environment

There are N > 2 players and a common discount rate » > 0. At each date t > 0, player ¢ chooses
risky effort a¢ € [0,1] and devotes the remaining 1 — al to a safe activity with flow payoff s > 0.
Aggregate effort is A, = 3, al € [0, N].

Productivity and opportunities. A fixed state of the world 6 € {0,1} determines whether
the resource is productive (6 = 1), that is, whether it can generate opportunities at all. If = 1,
player i’s effort generates opportunities at Poisson rate Aai, with A > 0. If § = 0, there are no
opportunities. An opportunity pays its finder a prize h > 0 with probability p; € [0, 1], the current

quality of the resource, and nothing otherwise. Every opportunity, whether or not it pays, resets



quality to zero. Between opportunities quality recovers deterministically,
pr=n(1—pr), n > 0. (2.1)

Information. Actions and opportunities are public. Let p; be the common posterior probability
that 6 = 1. The first opportunity, which we call a discovery, reveals §# = 1. In the absence of
opportunities, Bayes’ rule gives

Pr = —AApe(1 — py). (2.2)

Every opportunity therefore sends the state (p, p) to (1,0). The state space is [0, 1]2. Following a
discovery, the state remains on the {p = 1} edge. The {p = 1} edge is not reached in finite time

from pg < 1, though it is an allowed initial state.

Payoffs. Write g = A\h for the expected prize rate of full effort at full quality, and assume 0 < s < g,
so that the risky activity can be worthwhile. Put

g n

Here ¢ is the quality at which a resource known to be productive pays exactly the safe flow, 3 is
the discount rate relative to the rate of recovery, and K is the number of a player’s opponents.
Conditional on the public history, player i’s expected prize rate is Aaipspsh = gpipial. Player i's
normalized payoff is -

J' = ]E/O re " [s + a} (gpepr — 8)] dt. (2.3)

The risky activity beats the safe one in the current flow if and only if pp > q. We call p = ¢/p the
myopic curve. It is the locus at which a player who ignores the future is indifferent. Above it, the
expected flow from experimentation exceeds the safe flow. Our figures and numerical examples use
the baseline parameters N =3, A\=1, h=2,s=1,n7=1 and r = 0.2, for which ¢ = 1/2.

Two externalities. An opportunity found by one player shows everybody that the activity is
productive, which raises every player’s continuation value, and it resets quality for everybody.
Players can free ride on each other’s experiments, and each wants to exploit the resource before the
others deplete it. On the edge p = 1 nothing is left to learn and only depletion matters. Before
a discovery, information matters most at full quality, where the decision to stop experimenting is
effectively taken. Figure 2 shows how play unfolds in the equilibrium of Section 4, when the resource

is productive and when it is not.

2.2 Strategies and equilibrium

A Markov strategy is a Borel function a : [0,1]? — [0,1]. A player i who uses the strategy a; exerts

effort al = a;(ps, pt). A strategy profile is symmetric if all players use the same strategy.
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Figure 2: Quality recovers between opportunities and drops to zero at each one, while the belief
falls until the first opportunity shows that the resource is productive. Equilibrium play from belief
po = 0.9 and quality pg = 0.2, when the resource is productive (a) and when it is not (b). Top:
quality p, with opportunities that pay the prize h (filled circles) or nothing (open circles). Middle:
the players’ common belief p; that the resource is productive. Bottom: aggregate effort A; of
the three players. (a) The first opportunity arrives at its median date given that the resource is
productive. Afterwards players wait until quality reaches Ex = 0.53 and then use full effort until
the next opportunity, whose dates and outcomes are drawn with a fixed seed. (b) No opportunity
arrives. Players wait, use full effort, slide along the myopic curve p = ¢/p, on which working the
resource pays exactly the safe flow (vermilion), and then experiment with effort that vanishes as the
belief approaches £y = 0.42. Baseline parameters, as in Figure 1.

Markov strategies can jump. The equilibrium we construct switches from waiting to full effort
on the myopic curve at intermediate qualities. Where the opponents’ strategies are continuous, the
belief moves according to (2.2) with the efforts that the strategies prescribe. On a curve where they
jump, we follow Filippov (1988) and let the opponents’ aggregate effort take any value between its
limits on the two sides of the curve. If effort on both sides pushes the state toward the curve, the
state then slides along it, with the aggregate effort that keeps it there. Ordinary trajectories are not
enough here, because for regular symmetric profiles at intermediate qualities some deviations have
none (Proposition 5). For the equilibrium we construct, the convention describes the limit of play

when players revise their effort at frequent discrete dates (Proposition 6).

A wunilateral deviation is any effort process adapted to the public history and to independent
private randomization. Before the first opportunity, and conditional on the deviator’s private
randomization, a deviation is a measurable effort schedule u along the no-discovery trajectory. After

the first opportunity, it may be arbitrary.



When all players follow a symmetric strategy, we require the state to move according to the
actions that the strategy prescribes, including its actions on any curve where it jumps, and we
call the resulting path its profile path. A profile is well posed against unilateral deviations if every
unilateral deviation, from every initial state, generates a unique trajectory under this convention.

Section 7.1 defines both notions formally.

Definition 1. A symmetric Markov strategy a* is a symmetric Markov perfect equilibrium under
the Filippov convention if, from every initial state, its profile path exists and is unique; the profile is
well posed against unilateral deviations; and, for every initial state (pg, po) € [0, 1] and every player

i, no unilateral deviation yields player i a strictly higher payoff (2.3) than a*.

3 Two benchmarks

3.1 Competition after discovery

After a discovery the state is known forever and only quality moves. Recovery is independent of

effort until the next opportunity, so the edge p = 1 is a one-dimensional game in p. Put
Ay =7+ AN, LNZAN—I—T].

Once the resource is known to be productive, players wait until quality reaches a threshold Exn and

then use full effort until the next opportunity.

Proposition 1 (Known-state equilibrium). There is a unique Enx € (q,1) solving

A (1-Ey)[1—(1- Ex)’]

=F . 3.1
4 N Ly r+)\K[1—(1—EN)5] (3.1)
With zxy =1 — Enx and Hy = 1—215\,, put
1+
rng Zy
=— —a_ > (. 3.2
NT Iy T+ AKHy (3:2)

The profile in which all players wait when p < En and use full effort when p > En is a Markov

perfect equilibrium of the game on {p = 1}, optimal against every unilateral deviation, with value

S+6N(1_p)_67 pSEN7
u(p> =Y A\N nrg rg (33)
— — > Ey.

In particular, the value immediately after an opportunity is u(0) = s+ en.

The constant ey is the surplus each player obtains from the known resource. A discovery affects

future payoffs only through ey, which summarizes the post-discovery game in everything that
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Figure 3: Once the resource is known to be productive, players harvest it too early. (a) Quality over
time when players start exploiting as soon as quality reaches Eny = 0.53, as in equilibrium, and when
they wait until Ry = 0.72, as the planner would. Both use full effort once they exploit, and both
rows use the same random lengths of the full-effort spells. Dots mark opportunities, each of which
pays the prize with probability equal to the quality at that date. In expectation an opportunity
arrives every 1.09 units of time at quality 0.65 in equilibrium, and every 1.62 units at quality 0.79
under the planner. (b) The value of a known productive resource per player, above the value of
the safe activity, as a function of quality. Right after an opportunity, when quality is zero, it is
ey = 0.079 in equilibrium and Dy = 0.102 under the planner. Baseline parameters, as in Figure 1.

follows. Players start exploiting the known resource at quality E, below the planner’s known-state

threshold Ry characterized next, so part of the resource is wasted.

3.2 [Efficient experimentation

The planner chooses aggregate effort A € [0, N] to maximize the players’ average payoff, and we
write V(p, p) for the planner’s value per player. In the known state the planner waits below a
threshold Ry € (g,1) and uses full effort above it. The threshold and the planner’s surplus per
player after a discovery, Dy = V(1,0) — s, are

AN

g=Ry -1 -Ry)1-(1-Ry)P], Dy=2901- Ry (3.4)

rL N LN
Because the planner internalizes depletion, Eny < Ry and ey < Dy (Section A). Figure 3 shows
that equilibrium players harvest a known resource more often and at lower quality than the planner

would.

For uncertain beliefs, define

rs o rs
rs+ Iy N AMNDy + Th).

Iy = AM(NDy +rh) —rs > 0, Q=g(r+mn), PR =

We call pﬁ the planner’s abandonment belief. The planner’s frontier is a decreasing curve p = p”(p)



on [Ry,1] with two branches that meet at a junction (p2, pl’) given in closed form in Section A.
On the high-quality branch, pf < p <1,

_ TS s _ 779(1 _ﬂ)
P(p) = Ty 01—, O (n) = Ay — Q1= p)]’ (3:5)

and on the low-quality branch the frontier is given parametrically by (A.5).

Theorem 1 (Efficient experimentation). The planner’s problem has a solution from every initial
state, and the following stationary policy is optimal. At p =0 use zero effort. On {p =1}, use full
effort if p > Ry and wait otherwise. For 0 < p < 1, wait if p < Ry or p < p¥(p); use full effort if
p > pP(p) and also on the low-quality branch p = p¥(p), Rx < p < pL; on the high-quality branch
p=p"(p), p>pl, use aggregate effort A*(p) € [0, N], which keeps the state on the frontier. For
an uncertain prior the optimal no-discovery path is unique; it consists of waiting, full effort and
declining effort on the frontier, in this order, and any phase may be empty. Its limiting belief is

min{po, pX}, and for 0 < py < 1:

Ay dt = ~[logit(po) — logit(pn)] . P(r < 00) = ——F5—, (3.6)
0 A + 1- Py
where AF is aggregate effort along the optimal no-discovery path and T is the date of the first
opportunity. These quantities do not depend on the initial quality po.

Figure 4 shows the policy and three optimal paths. On the high-quality branch, declining effort
keeps beliefs and quality on the frontier, and the posterior converges to pf, as quality approaches
one. This is a singular arc of the planner’s control problem.

The proof writes the planner’s objective in terms of the probability Q; = exp(—A f(f A) of no
opportunity by ¢ conditional on productivity. For an uncertain prior the objective is strictly concave

in @Q (Lemma A.1), and a multiplier argument identifies and verifies its unique maximizer.

4 Markov perfect equilibrium

4.1 The shape of the equilibrium

After a discovery all players follow the known-state equilibrium of Proposition 1. Before a discovery,
the equilibrium we construct is organized by two thresholds of quality above Fy,
N _ npp+ AKq

pp=1-=X

= 4.1

These thresholds satisfy ¢ < Exy < px < pp < 1 for all primitives (Lemma B.2). Figure 5 shows the

equilibrium at the baseline parameters, and Table 1 summarizes it.

Below En nobody experiments, whatever the belief, because even a resource known to be

productive is not yet worth exploiting. Between En and p,, players wait below a lower frontier
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Figure 4: The planner waits for quality to recover, experiments with full effort, and finally rides a
curve on which effort declines as quality recovers. The planner waits in the white region and uses
full effort in the grey region. Its frontier (blue) has two branches that meet at (p’, p’). On the thin
branch the planner switches to full effort, and the thick branch is a singular arc, on which aggregate
effort A%(p) keeps the state on the curve. The frontier meets the edge p = 1 at Ry, the quality at
which the planner starts exploiting a resource known to be productive, and the edge p =1 at pﬁ,
the planner’s abandonment belief, at which efficient learning stops. Black curves are optimal paths
without a discovery from three initial states (dots). The dotted curve is the myopic curve p = q/p,
on which working the resource pays exactly the safe flow. Baseline parameters, as in Figure 1.

pr, use full effort above an upper frontier py, and use interior effort in a narrow band between
the two, above the myopic curve. Both frontiers start at p = 1 when quality is Ey, so just above
En players experiment only if they are nearly certain that the resource is productive. Between p,
and pp the band closes, and players wait below the myopic curve p = ¢/p and use full effort above
it. Above pp a band of interior effort opens below the myopic curve. At full quality this band is
the symmetric equilibrium of Keller et al. (2005), with the value ey of the known resource as the
continuation after a success, and effort in it rises from zero at the individual abandonment belief
ln =rs/[A\(rh + en)] to one at the upper full-quality cutoff py. A single player who experimented

alone at full quality, with continuation ey after a success, would stop at £y.

Between p, and pp the switch on the myopic curve attracts the state from both sides (Figure 6a).
Below the curve, players wait, and recovery lowers the myopic curve toward the state. Above it, full
effort lowers the posterior faster than the curve falls. Once on the curve, the state slides along it

with aggregate effort

Am(p) = ZE;:Z;, (4.2)

which makes the posterior fall exactly as fast as the myopic curve. We call this part of the myopic

curve the sliding arc. Aggregate effort on the arc does not depend on the number of players, and on

10
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Figure 5: In equilibrium, players wait at low quality, use full effort at high beliefs, and slide along
the myopic curve at intermediate qualities. Shading shows each player’s effort, from white (wait)
to grey (full effort). (a) The whole state space. Black curves are the frontiers of the two bands of
interior effort, the vermilion curve is the sliding arc on the myopic curve p = ¢/p (dotted elsewhere),
and the rectangles mark the regions enlarged in (b) and (c). On the top edge, En is the quality at
which players start exploiting a resource known to be productive, and the sliding arc runs from p,
to pp. On the right edge, ¢y is the belief at which equilibrium learning stops. (b) The low-quality
band between the frontiers p;, and py, at qualities between Ex and p,, on a logit scale. (c¢) The
high-quality band between p;, and pg above pp. At full quality it runs from £y to py. Baseline
parameters, as in Figure 1.

the arc each player’s flow payoff equals the safe flow s (Theorem 2).

A player on the myopic curve who postpones a unit of effort for a moment loses nothing in
the current flow, but she trades off two effects. Quality recovers in the meantime, which raises the
expected prize of an opportunity at rate nh(1 — p), and a discovery, worth ey to the player, comes
later. The first effect dominates exactly when p < pg. Below pp, nobody experiments at a flow
loss for the sake of information. Just above the curve, the other players use full effort, so if the
resource is productive one of them is likely to find the next opportunity first, take its prize and reset
quality. This threat outweighs the gain from waiting for recovery exactly when p > p., so above p,

the switch to full effort happens on the curve itself.

On the myopic curve gpp = s, so a player earns exactly the safe flow whatever effort the player
exerts. Each player wants to take the surplus above the curve before the others deplete it, and
nobody wants to experiment at a flow loss below the curve when the others will experiment there
once quality has recovered. Aggregate effort keeps the state on the curve and dissipates the flow
rent, much as entry drives the rent of an open-access fishery to zero (Gordon, 1954). Here the
posterior plays the role of the fishery’s stock, and aggregate effort A,,(p) falls as quality recovers
(Figure 6c).

11
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Figure 6: At intermediate qualities, effort on both sides pushes the state onto the curve on which
working the resource pays exactly the safe return, and the state slides along it. (a) Arrows give
the direction of motion under equilibrium effort, not its speed. Below the dotted myopic curve
p = q/p players wait (white) and only quality moves. Above it they use full effort (grey), and the
belief falls faster than the curve. Between p, = 0.65 and pp = 0.96 both directions point at the
curve, and two paths (black) reach it and slide along the sliding arc (vermilion). (b) The rectangle
marked in (a). If players revise their effort only every A units of time, the state zigzags around the
curve, and the zigzag shrinks with A toward the sliding path. (c) Top: aggregate effort on the arc,
Anm(p) =n(1 = p)/[A(p — q)], is the effort that keeps the state on the curve while quality recovers,
whatever the number of players N. Bottom: the range of qualities on which players slide, for N = 2,
3 and 5. Baseline parameters otherwise, as in Figure 1.

4.2 Existence

The construction requires three conditions on primitives, which Section 6.3 states formally as
Condition 1. Condition (R1) connects the upper frontier of the low-quality band to the onset of
sliding, (R2) makes full-effort paths enter the high-quality band, and (R3) keeps the low-quality
band above the myopic curve. Proposition 2 gives sufficient conditions on primitives, and the three

conditions hold for all sufficiently large N.
Proposition 2 (Sufficient conditions). (a) (R1) holds if r < K(AK + 1), in particular if r <
AN - 1).
(b) (R2) holds if n” < AK[Nr + K(AN + )], in particular if n < A(N — 1).
(c) (R3) holds if both of the following hold:

pB—q AN 1-FEy
R3a lo o)
(R3a) gEN—q n gl—pB

A 1_ps
b) (1—EN)?<
(R3b) ~ ( ~) T A+ " 1—FEyn

> M(te —tp),

where p. = q+en/g, M(17) = An(1 — e INT)/[Ly(1 — e ™N7)], and t, — tg is the time that
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Table 1: The symmetric Markov perfect equilibrium. On the sliding arc, aggregate effort A4,,(p) =
n(1 — p)/[A(p — q)] keeps the state on the myopic curve. The frontiers and the interior efforts are
defined in Section 6.3.

Quality Beliefs Individual effort
p < En 0<p<l1 0 (wait)
En <p<p« p<pr(p) 0
pr(p) <p<pu(p) N/(AKm) € (0,1), increasing in p
p = pu(p) 1
p«<p<pp p<q/p 0
p=gq/p A (p)/N; the state slides along the curve
p>aq/p 1
pp<p=<1 p <pr(p) 0
pr(p) <p<pu(p) alp,p)in (6.10), increasing in p
p = pu(p) 1
any p=1 known-state equilibrium (Proposition 1)

quality takes to recover from En to ps.

(d) For all other primitives fixed, (R1)—(R3) hold for all sufficiently large N.

At the baseline parameters the three conditions hold (Lemma D.3). On a 33 x 33 grid of
primitives with ¢ = 1/2, numerical tests of all three pass in 76%, 89% and 97% of cells for N =2, 3
and 5 (Figure 14).

The frontiers p;, < py and the interior efforts in Table 1 are defined in Section 6.3, and the

private gain in the theorem below is a player’s marginal value of own effort, defined in (6.2).

Theorem 2 (Markov perfect equilibrium). Assume Condition 1. The symmetric Markov strategy
a* described in Table 1, with individual effort A, /N on the sliding arc, is a symmetric Markov

perfect equilibrium under the Filippov convention (Definition 1), and it has the following properties.

(a) The frontiers pr, < pg are continuous and strictly decreasing on (En,1]; both tend to one as
p 1 En; they coincide exactly on [p«, pB|, where they equal the myopic curve; and pr(1) =
In <pn =pu(l) <gq.

(b) The strategy a* is nondecreasing in p. For each p it is continuous in p € (0,1), except at
p = q/p when p, < p < pp, where it jumps from zero to one; as a function of (p,p) it is

continuous on (0,1) x [0,1] off the closed sliding arc.

(c) The equilibrium value v* is continuous on [0,1]? and continuously differentiable on (0,1) x (0, 1).
It equals s for p < {n, and the known-state value u(p) at p = 1. At uncertain interior states
the private gain is negative in the interior of the waiting region, zero on the closed bands and

the arc, and positive in the interior of the full-effort region.

(d) On the sliding arc each player’s flow payoff equals the safe flow s, and aggregate effort Ay, (p)
does not depend on N.
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Figure 7: Players stop learning at a higher belief than the planner because a discovery is worth
less to them. (a) At full quality, a unit of effort yields the expected harvest gp, with g = Ah, plus
the value of a possible discovery, which arrives at rate Ap. In flow terms the discovery is worth
(\/r)pen to a player, who counts only her own surplus ey from a known resource, and (\/r)pN Dy
to the planner, who counts the surplus Dy > ey of all N players. Experimenting beats the safe
flow s above ¢y = 0.42 for a player and above pk, = 0.28 for the planner, and a player who ignored
discoveries would stop at ¢ = 0.5. The thin dashed line counts all N players at the equilibrium
surplus ey, which shows that most of the gap comes from counting all players. (b) As the number
of players grows, competition dissipates each player’s surplus from a discovery. Equilibrium learning
then stops at ¢, while the planner’s abandonment belief converges to pf, < ¢. Baseline parameters
otherwise, as in Figure 1.

5 Too early and too little

In this section ¢ denotes calendar time, measured from the initial date, and 7 the date of the first

opportunity.

5.1 The two distortions

The planner’s abandonment belief py. = rs/[N(NDy + rh)] differs from £y = rs/[\(rh + en)]
because the planner values a discovery for all N players and values the known resource at Dy > ep.
Both differences lower the abandonment belief, so pf, < Iy (Figure 7a). On the known-state edge

the comparison goes the other way, and the equilibrium starts exploiting the resource at En < Ry

Theorem 3 (Too early and too little). Assume Condition 1, and let A* and A¥ denote equilibrium

and efficient aggregate effort.

(a) For every p € (En, Ry) and every p € (pu(p), 1], A*(p,p) = N and AP (p,p) = 0.

(b) From every initial state with 0 < pg < 1, along the no-discovery path of the equilibrium of
Theorem 2 the posterior converges to poo = min{po,{n}, and, with A} the aggregate effort at
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date t along the path, total effort and the probability of a discovery are

(po — 5N)+'

B . B
/0 A dt = 3 [logit(po) — logit(¢n )], . P(r < o0) = -

(5.1)

None of these quantities depends on the initial quality po. If po > €N, then py > €y for all t
and [7° A7 dt > 0 for every T, so experimentation never stops and a discovery occurs after

any given date with positive probability.

(c) For every p € (pk,fn) there is p(p) < 1 such that, for every p > p(p), A (p,p) = N and the
equilibrium never experiments from (p,p). From every initial state with pﬁ < po < 1, total

efficient effort exceeds total equilibrium effort by [logit min{py, {n} — logitpﬁ]/)\ > 0.

(d) From every initial state with 0 < py < 1, the no-discovery path of the equilibrium visits waiting,
the low-quality band, full effort, the sliding arc and the high-quality band in this order; any of

these phases may be empty, and the high-quality band, once entered, is never left.

Figure 1 shows the distortions. When productivity is likely, information is worth little and
depletion is the main concern, so players exploit a resource that the planner would let recover.
Free riding matters most at high quality and pessimistic beliefs. At full quality, equilibrium effort
falls short of efficient effort on (pk, py) and is zero on (pk, ¢n]. Around the sliding arc, the effort

comparison can go either way, depending on how the myopic curve and the planner’s frontier cross.

For pg > ¢ the posterior approaches £ because, as quality approaches one, the equilibrium
approaches the band at full quality. The lower frontier ¢ of that band is the belief at which
a single player is indifferent between the safe flow s and the expected flow from experimenting,
gp+ (A\/r)pen, which includes the value ey of a discovery. In the band, effort vanishes quadratically

in the distance from ¢, and the resulting long tail of small experiments is described by Remark 1.

Remark 1 (The tail of discovery). Assume Condition 1, fix /x < pg < 1, and put

logit g — logit ¢ N
= logit ¢ — logi cN = .
From every initial quality, along the no-discovery path,
. . 1 (1 —po)ln
logit p; — logit fy ~ —, Pit<t< ~— 5.2
Og1l Pt ogit £ N ent ( T OO) (1 — gN)CNt ( )

Consequently E[7 | 7 < oo] = oo for every finite N.

The conditional mean is infinite because of rare discoveries after long spells of very low effort,

even though total experimentation is finite.

Figure 8 compares equilibrium and efficient paths from two initial states. From a confident start,
players use full effort at a lower quality than the planner, and from either start the planner ends at
a lower belief. Figure 9 illustrates parts (b) and (c¢) of Theorem 3. Paths from the same prior and

different initial qualities end at the same belief, and from a prior of 0.5 a productive resource is
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(a) a confident start: pg =0.9, pg =0.2 (b) an unsure start: pg = 0.45, pp = 0.6
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Figure 8: Players start experimenting at a lower quality than the planner and stop learning at a
higher belief. Belief p; (top) and aggregate effort A; (bottom) along the paths without a discovery
of the equilibrium (vermilion) and of the planner (dashed blue) from the same initial state. Quality
pt, shown on the top axis, rises in the same way along both paths. (a) From a confident start,
po = 0.9 and pg = 0.2, players use full effort earlier and then slide, while the planner waits longer,
experiments longer and ends at a lower belief. (b) From an unsure start, pg = 0.45 and py = 0.6,
players barely experiment, while the planner experiments as quality approaches one. ¢n and pﬁ are
the beliefs at which equilibrium and efficient learning stop. Baseline parameters, as in Figure 1.

found with probability 0.28 in equilibrium and 0.60 under the planner.

The belief at which learning stops is not specific to the equilibrium we construct. In every Nash
equilibrium in which players commit to deterministic effort schedules until the first opportunity
and follow the known-state equilibrium afterward, including asymmetric ones, learning stops at
min{pg, {x} (Theorem 6). At full quality and from priors above ¢y, such an equilibrium reaches ¢
in finite time and gives every player a strictly higher payoff than the Markov perfect equilibrium, in

which indifference in the band slows experimentation down (Section F).

5.2 Welfare

The planner’s value exceeds the equilibrium value by at least the discounted gain from using the
known resource efficiently after a discovery, and the gap is positive exactly at beliefs above the

planner’s abandonment belief.
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(a) four initial qualities, py = 0.8 (b) chance of finding a productive resource
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Figure 9: How much is learned does not depend on initial quality, and the planner learns more. (a)
The belief without a discovery from the prior pg = 0.8 and four initial qualities, po = 0.95, 0.7, 0.4
and 0. Paths that start from lower quality move later. All equilibrium paths (vermilion) converge to
{n, and all the planner’s paths (dashed blue) to pk. (b) The probability that a productive resource
is ever found, as a function of the prior, which does not depend on initial quality. From a prior of
0.5, it is 0.28 in equilibrium and 0.60 under the planner. Baseline parameters, as in Figure 1.

Proposition 3 (Welfare). Assume Condition 1. For every state,

Vi(p,p) —v*(p,p) > Ele" " 1rc00y](Dn —en) >0, (5.3)

where T is the date of the first opportunity on the equilibrium path. The planner does strictly better,
V(p,p) > v*(p, p), if and only if p > py.

The bound comes from a policy available to the planner, who can replicate equilibrium aggregate
effort until the first opportunity, including the effort that keeps the state on the sliding arc, and
then use the known resource efficiently. The bound leaves out the planner’s further gain from better
effort before a discovery, which in this model means experimenting later when productivity is likely
and longer when quality is high. Figure 10 shows the values at full quality and the welfare loss at

three qualities.

5.3 Large groups

As the number of players grows, competition for the known resource intensifies and the surplus it yields
to each player vanishes quickly, with ex = Cg/N2+0(N~2) and Cg = rnh(1—q) P /{A[1—(1—¢)"]}.
The value of a discovery to an individual player therefore vanishes, and so does each player’s private
incentive to experiment for information. The planner values a discovery at N Dy, which converges

to a positive limit.

Proposition 4 (Many players). Fiz r,\, h,s,n and let N — oo.
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(a) value at full quality (b) welfare loss
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Figure 10: The planner does better at every belief above its abandonment belief pf,. (a) Values at
full quality, above the value of the safe activity, as functions of the belief. The equilibrium value is
above the safe value only above £, and the planner’s above pﬁ. (b) The welfare loss, the planner’s
value V' minus the equilibrium value v*, at three qualities. It is zero at beliefs below pﬁ and positive
above. Baseline parameters, as in Figure 1.

(a) The quality thresholds satisfy Ex —q ~ n(1 —q)/(AN?), px —q~n(1 —q)/(AN) and 1 — pg ~
Cg/(nhN?). The individual abandonment belief and the upper full-quality cutoff satisfy

-~ qC}, -5
2 rh?(1 — q)

C _ _
C]—EquihEN 2, q— PN

(b) Condition 1 holds for all sufficiently large N.

(c) For every compact set C C {(p,p): 0<p <1, ¢<p<1, p+#q/p} there is N¢ such that, for
N > Ng¢, the equilibrium of Theorem 2 uses zero effort at the points of C below the myopic
curve and full effort at those above it. On the myopic curve, at qualities in [p«, pB|, an interval

that expands to (q,1), the state slides with aggregate effort A, (p), which does not depend on
N.

(d) From any 0 < py < 1, total equilibrium effort converges to [logit(po) — logit(q)]+ /A, whereas
total efficient effort converges to [logit(pg) — logit(p2)]. /X with pt = rs/[N(Cp + rh)] < q,
where Cp = limy NDy > 0.

On the sliding arc, recovery pins down aggregate effort A,,(p), so adding players lowers each
player’s share A,,(p)/N and expands the range of qualities on which sliding occurs. The planner’s

abandonment belief stays bounded away from ¢, so the shortfall in learning persists in large groups.

For the equilibrium constructed here, the terminal belief, the probability of a discovery and total
effort are within O(N~2) of their limits, uniformly over initial beliefs and qualities (Lemma D.2).

At full quality the upper full-quality cutoff is within order N =5 of ¢, the belief at which the myopic

18



curve meets full quality, so full effort ends almost exactly at ¢ and is followed by a thin band of
declining effort. Figure 6(c) shows the range of qualities on which players slide for N = 2, 3 and 5,

and Figure 7(b) shows where learning stops as N grows.

6 Construction of the equilibrium

A change of units makes the game before a discovery deterministic, and in the resulting game each

player’s private gain from effort satisfies a transport equation along paths of constant effort.

6.1 A deterministic reduction

We keep the known-state continuation of Proposition 1 fixed throughout. Before a discovery, it is

convenient to measure quality by the quality clock
1 —nt
t=——log(l—p), pt)=1-e",
n

which advances one-for-one with calendar time between opportunities, and the belief by its log odds
x = logit p. From now on we also index time by the quality clock, so that the no-discovery state

moves according to & = —\A, £ = 1. Define the myopic surplus
m(z,t) =e*(gp(t) —s) —s = =———,

which, for p(t) > g, is positive above the myopic curve z,,(t) = log ¢ — log(p(t) — ¢) and negative
below it. For p(t) < ¢ it is negative everywhere.

Lemma 6.1 (Reduction). Fiz a well-posed profile, an initial state (p,p) with 0 <p <1 and p < 1,
and a deviation by player i with no-discovery schedule u and trajectory (z), starting at (z,t),
along which the opponents’ aggregate effective effort is A_; (Section 7.1). If player i follows the

known-state equilibrium after a discovery, then J' — s = (1 — p) W, where
Wt = / e =) {rut/ m(zy,t') + Xen €™t (uy + A—i,t’)} dt’. (6.1)
¢

If player i deviates after a discovery as well, then J* — s < (1 — p)W*. The reduction rests on an
identity of first discoveries. With Qp = exp{—\ ftt/ (u+ A_;)}, the probability of no discovery by
t',1—p+pQy, equals (1 — p)/(1 — py). Dividing payoffs by 1 — p removes the stochastic part of
the problem. The first term in (6.1) is the player’s own expected prize net of the safe payoff. The
second is the value ey of the known resource, which every player receives at a discovery regardless
of who makes it. Player i’s effort enters the second term in the same way as anybody else’s, since
every player benefits from a discovery. The reduced game is a deterministic differential game in

which each player’s payoff is linear in own effort.

19



For a continuously differentiable candidate value W (x,t) define the private gain
G(z,t) =rm(z,t) + MNene® — Wy(x,t)). (6.2)

The gain is the marginal value of own effort. In the original units, with v = s + (1 — p)W, the
quantity ¢ = (1 —p)G/r = (gpp — s) + (A\/r)p[s + en — v — (1 — p)vp] is the flow net return of the
risky activity, plus the value of a discovery, minus the value lost by lowering the posterior. Against

opponents who use a, player ¢’s Hamilton—Jacobi-Bellman (HJB) equation reads

rW =W, + AKa(eye® — Wy) + bm[zg:)i] b@, (6.3)
€0,

so a best response uses full effort where G > 0 and waits where G < 0. In a symmetric equilibrium,

rW =W +a(NG— Krm), a € arg max bG. (6.4)
be(0,1]

To describe how the gain changes along paths of constant effort, define

Oo(t) = Aen +7(gp(t) — s) — gn(l — p(t)), So(x,t) =15 — () €”,

(6.5)
O1(t) = O¢(t) + AK (gp(t) — s), Si(z,t) =rs —O1(t) e”.

Lemma 6.2 (Transport of the gain). Suppose that, on an open set, all players use the constant
effort a € {0,1} and W is twice continuously differentiable and satisfies (6.4). Then along the path
of that effort, : = —ANa, t =1,

%G’ =rG+7rS,. (6.6)

The sources Sy and S; depend only on the state, so integrating (6.6) backward from a point at
which the gain is known determines its sign along entire paths. Optimality forces the gain to vanish
wherever effort is interior and, because the equilibrium value is continuously differentiable, also at
the boundaries of regions of interior effort. In the regions of waiting and of full effort, the sign of
the gain is then the sign of a discounted integral of —Sy or —S7, and the equilibrium can be built

region by region from these integrals.

6.2 A verification theorem

A strategy that is nondecreasing in the belief, together with a continuously differentiable value that
solves the symmetric HJB equation wherever the strategy is continuous, forms an equilibrium under
the Filippov convention if the strategy jumps only on the myopic curve, where the gain vanishes,

and prescribes there an equal share of the effort that keeps the state on the curve.

Theorem 4 (Verification). Let a : R x [0,00) — [0, 1] be Borel and nondecreasing in xz, and let W
be continuous on R x [0,00), continuously differentiable on R x (0,00), with |W(z,t)| < C(1 + €%).
Suppose that
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(i) at every (x,t) with t > 0 at which a(-,t) is continuous, W satisfies (6.4);
(ii) at every (x,t) at which a(-,t) is discontinuous, m(x,t) =0 and G(z,t) =0;

(iii) at each such discontinuity the prescribed action is

[l — p(t)]

a(z,t) = AN — g

Then the symmetric Markov strategy that uses a(logit p,t(p)) for 0 < p < 1, the known-state
equilibrium at p = 1 and zero effort at p = 0 is a symmetric Markov perfect equilibrium under the
Filippov convention from every initial state with p < 1, and its value is v = s+ (1—p)W. On the edge
p =1 the same conclusion holds for a Borel strategy aoo : R — [0, 1] that is nondecreasing and a value
Woo € CHR) with |Woo(z)| < O(1 + €%) that satisfy the stationary versions of (i)-(iii), with Wy = 0
and zero prescribed effort at any discontinuity; there the value is v(p,1) = s + (1 — p)Wxo (logit p).

Hypotheses (ii)—(iii) place discontinuities on the myopic curve and prescribe the equal effort
shares needed for a profile path. Since m = G = 0 there, the verification inequality is independent
of how effective effort is split (Lemma B.1). The HJB inequality also covers deviations that leave

the curve.

6.3 The frontiers

High quality, p > pp. Define the lower frontier

L) = Aen —nh+ (r+mn)hp]’ (6.7

which decreases from L(pp) = q/pp to the individual abandonment belief

TS
Iy=L(1)= ——. 6.8

N (1) A(rh +en) (6:8)

L(p) is where the waiting source Sy vanishes. Let y,,(p) = logit(q/p) —logit L(p) > 0 be the log-odds

distance between the myopic curve and L, and let y(p) € (0, ym(p)) be the unique solution of
r(e? —1—y) = AK (1 — e¥~¥m(P)), (6.9)

The high-quality band is L(p) < p < pg(p) with logit pg(p) = logit L(p) + yu(p), and in it each

player uses
r(eV —1—y)

a(p, p) = K —erm@)y YT logit p — logit L(p). (6.10)

At p = 1 the game is an exponential-bandit game of the kind studied by Keller et al. (2005), in
which the first success pays its finder h and gives every player the continuation surplus ey. The
band then corresponds to their symmetric equilibrium, and interior effort rises from zero at £y to

one at the upper full-quality cutoff py = pg(1).
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Low quality, £y < p < ps. Let &£ be the curve formed by the sliding arc and the upper frontier
pp of the high-quality band. Consider a state whose full-effort path passes above the onset point
(ps«, q/p«) of the sliding arc. In the coordinates of Section 6.1, this is a state on a line x + ANt = &
with € > & = z,(ts) + ANt,, where t, = t(p,). Full effort by all players brings such a state to £.
Let 7¢(p, p) be the time it takes to do so, and define the full-effort gain

I(p,p)=-rs(l—e7¢) +r % / © e Ano 01 (t(p) + o) do. (6.11)
—-pJo

This is the private gain at (p,p) if all players use full effort until the state reaches £. Under
Condition 1 below, for each p € (En, p«) there is a unique pg(p) € (¢/p,1) at which T" vanishes,
and I' > 0 above it (Lemma C.6). With xy. = logit pr(p) and x = logit p, define

N(p,p) =rs(z —zpe) — Oo(t(p))(e” — €"He) + AK m(x ., t(p)). (6.12)

The low-quality band is pr(p) < p < pu(p), where pr.(p) € (¢/p,pr(p)) is the unique zero of N (-, p)
there (Lemma C.7), and in it each player uses the effort NV (p, p)/[AK m(logit p, t(p))].

To complete the description, set pr, = pyg = q/p on [p«,pp] and pr, = L on (pp,1]. Let
pe € [En, px) be the quality at which the full-effort path through the onset point (ps, q/p«), traced
backward in time, meets the myopic curve again, and p. = Ep if it does not do so at a quality

above Ex. Let pe = (npp +rq)/(n+1).
Condition 1. The primitives satisfy:

(R1) regular onset of sliding: (r + AK + n) A (ps) > Nr;
(R2) slow upper frontier at high quality: for every p € (pg, 1),
1—
U(p) = r(e?nP) —1) [)\N _nd=p) p)} + A2K v (P =um(P) (N — A, (p)) > 0;
p—pe
(R3) no early activation below the myopic curve: I'(¢/p, p) < 0 for every p € (En, pc).

Section D gives a closed form for the gain in (R3) (Lemma D.1), proves Proposition 2, and

verifies the baseline with exact rational bounds (Lemma D.3).

6.4 The construction region by region

In the low-quality band, along both frontiers, the probability 1 — p that the resource is unproductive
grows linearly in p— Ey (Lemma C.8 gives the slopes). As quality rises, the full-effort region expands
downward. Its boundary is the upper frontier py of the low-quality band, where the full-effort gain
I" vanishes, and above it full effort until the state reaches the curve £ is a best response. In contrast
to the upper frontier of the high-quality band, this frontier falls faster than full effort lowers the

posterior, so it is never reached from above and instead overtakes the states in the band below it.
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Figure 11: Each player’s effort follows the sign of her private gain from effort. Top: the private gain
¢ = (1 —p)G/r, a player’s net marginal value of her own effort, on four slices of quality. Bottom:
each player’s equilibrium effort a* on the same slices. Players wait where the gain is negative (white),
use full effort where it is positive (grey), and use interior effort where it is zero (light grey bands).
(a) Below E the gain is negative at every belief. (b) The low-quality band. (c¢) At qualities on the
sliding arc’s range, the gain changes sign at p = q/p, where effort jumps, and on the arc itself each
player uses A,,/N (dot). (d) The high-quality band. Baseline parameters, as in Figure 1.

Inside the band, effort is interior and rises from zero at pz, to one at pg. Indifference (G = 0) pins
down interior effort, and continuity with the full-effort region at py determines the value in the
band. At the baseline parameters the band is at most about 0.17 wide in log odds, and it shrinks to
zero at p, (Figure 5b).

On the sliding arc the gain is zero, and the value along the arc satisfies the linear equation

rW =W + denye® A,,, whose only flow term is the expected value of a discovery.

At pp the waiting source Sy vanishes on the myopic curve. Above pp, waiting just below the
curve is no longer optimal, because there the value of the information that experimentation produces
exceeds its flow cost. A band of interior effort opens below the curve, with lower frontier L where
So = 0. In this band each player is indifferent and effort rises with the belief. As p — 1 the band
converges to the band at full quality, and along a path in the band the posterior converges to £y .

Figure 11 shows the private gain on four slices of quality, with the signs described in Theorem 2(c),
and the effort that each sign implies. On slice (c) the gain changes sign exactly at p = ¢q/p, where
the slice meets the sliding arc.

The proof in Section C builds the value backward from high quality through the sliding arc
and the low-quality band, and Figure 13 shows the geometry. Conditions (R1)—(R3) govern the
frontier locations and slopes. Table 2 reports the baseline margins, and Figure 14 shows where the

conditions pass numerical tests across parameters.

23



7 Trajectories and sliding

At intermediate qualities, every regular symmetric equilibrium switches from waiting to full effort on

the myopic curve, and against such a switch some unilateral deviations have no ordinary trajectory.

7.1 Trajectories

Because Markov strategies can be discontinuous, we must specify how the state moves when players
use them, both on the equilibrium path and after a unilateral deviation. For 0 < p < 1 we use
the log odds x = logit p = log[p/(1 — p)], in which (2.2) becomes & = —AA. Fix the opponents’
strategies (a;);-; and let player i use an arbitrary measurable effort schedule u : [0,00) — [0,1]
until the next opportunity. With ¢ measured from the initial date and p(t) the solution of (2.1)

from pg, an ordinary trajectory solves

i(t) = =A[ult) + ;4 a;(expit 2(2), p(t) ], (7.1)

where expit is the inverse of logit. When the opponents’ strategies are discontinuous in p, (7.1) may
have no absolutely continuous solution, and Section 7.2 shows that this problem is unavoidable for
regular symmetric profiles at intermediate qualities. We therefore define trajectories in the sense of
Filippov (1988), in which, at a discontinuity, the opponents’ aggregate effort may take any value in

the convex hull of its essential limits. For fixed ¢, let

Ai(w,t) = 0] X241 a5 (expity, p(t)) : |y — 2| <6, y & Z}, (7.2)
6>0 wu(Z)=0

where p is Lebesgue measure. A trajectory is an absolutely continuous function z(-) such that, for
almost every t,
i(t) = =A[u(t) + A_;(t)] for some A_;(t) € A_;(x(t),t). (7.3)

We call A_;(t) = —&(t)/X — u(t) the opponents’ effective aggregate effort. Where the opponents’
strategies are continuous in p, the set A_; is a singleton and a trajectory is an ordinary solution of
(7.1). Where they jump, a trajectory may cross the discontinuity or, if the drift points toward it
from both sides, slide along it with the effective effort that keeps the state on the discontinuity. The
convention specifies how the opponents’ effective effort responds to a deviation on a discontinuity
curve. When the opponents’ strategies are nondecreasing in p, as in the equilibrium we construct,
every ordinary trajectory is a trajectory in this sense, and by Lemma 7.1 below it is the only one. For
such strategies the convention matters only where ordinary trajectories fail to exist. Our equilibrium

results refer to the game it defines.

Formally, a profile is well posed against unilateral deviations if, for every player, every initial

state and every measurable u, (7.3) has a unique trajectory on [0, c0).

Lemma 7.1. If every opponent’s strategy is nondecreasing in p for each p, the profile is well posed

against unilateral deviations. Two trajectories generated by schedules w and @ from the same initial
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state satisfy |z(t) — &(t)| < X\ [3 |u(o) — i(o)| do.

The proof in Section B uses Filippov’s existence theorem and monotonicity for uniqueness and
the stated bound.

Formally, a profile path of a symmetric strategy a is an absolutely continuous function z(-) with
z(t) = —ANa(expit z(t), p(t)) for almost every t. A profile path can slide along a discontinuity curve
only if each player’s prescribed action on the curve is the equal share of the aggregate effort that
keeps the state on it. The equilibrium of Theorem 2 prescribes exactly this action on its sliding
arc (Table 1), and the proof of Theorem 4 shows that its profile path exists, is unique, and is a

trajectory of every player’s unilateral system.

Given the no-discovery trajectory, the stochastic process is standard. Conditional on 8 = 1,
opportunities of player ¢ and of the opponents arrive with intensities Au(¢) and AA_;(¢). An
opportunity resets the state to (1,0), after which the edge p = 1 is invariant and quality follows
(2.1) between subsequent opportunities. All intensities are bounded by AN, so the jump process is
nonexplosive. At p = 0 the belief stays at zero and no opportunities occur. At p = 1 it stays at one.
Player i’s payoff depends on the opponents’ effective efforts only through their aggregate, because

the continuation after a discovery does not depend on who makes it.

7.2 Necessity of sliding

With pp and p, as in (4.1), on the myopic curve Sy = sn(pp — p)/(p — q), so waiting just below the
curve has a positive source exactly when p < pp. Similarly, S1 = sn(pp — p)/(p — q¢) — AK's on the
curve, so full effort just above it has a negative source exactly when p > p,.. Keeping the state on
the myopic curve requires the aggregate effort A,,(p) in (4.2), which is below N for every p > p.
Full effort therefore lowers the posterior faster than the myopic curve falls, and waiting lets the

curve catch up with the state.

With ¢ again the quality clock of Section 6.1, we call a symmetric profile (a, W) regular on a
strip R x (t1,t3) if W is continuously differentiable there; a is continuous outside finitely many C*
curves x = (;(t) and has one-sided limits in « on them; (6.4) holds wherever a is continuous; and,

for each t, effort is zero at sufficiently low beliefs and full at sufficiently high beliefs.

Proposition 5 (Necessity of sliding). Let p(t1) and p(t2) lie in [p«, pB], and let (a, W) be regular
on R x (t1,t2). Then, except possibly at points of the curves (i, a(x,t) = 0 for x < x,(t) and
a(x,t) =1 for x > xp(t). Consequently:

(a) under the profile, every Filippov trajectory that meets the myopic curve stays on it, with
aggregate effort Ap,(p), as long as p < p(t2);
(b) if trajectories are required to be absolutely continuous solutions of (7.1), then, whatever actions

the profile assigns on the myopic curve and on the curves (i, there is a state and a measurable

deviation for which no trajectory exists.
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In particular, on this range of qualities no reqular symmetric profile is a Markov perfect equilibrium

with ordinary trajectories.

The first part of the proposition rests on two exclusion arguments. A band of interior effort
that starts below the myopic curve must start where Sy < 0, which happens below the curve
only if p > pp. A band that ends at full effort above the curve must end where S; > 0, which
happens above the curve only if p < p,. An action discontinuity anywhere else would contradict
differentiability of the value. Subtracting (6.4) on the two sides of a jump gives NG = Krm, and
optimality on both sides gives G = 0, so m = 0 at any jump, and only the switch at the myopic
curve remains. Part (b) follows because, when the drift points toward a curve from both sides, an
absolutely continuous solution started on the curve cannot leave it, so its velocity must equal that
of the curve, and a small deviation in own effort makes this impossible.

Remark 2 (Uniqueness). For qualities in [p«, pp|, Proposition 5 implies that every symmetric

equilibrium in the regular class defined above waits below the myopic curve and uses full effort
above it, away from its interfaces, as the equilibrium of Theorem 2 does. On the curve itself, a
profile path exists only if each player’s action is A,,/N. Outside this range of qualities we do not
know whether the equilibrium is unique. The equilibrium of Theorem 2 continues the sliding arc

into each adjacent range of qualities with a single band of interior effort.

7.3 Implementation by frequent updates

Remark 3 (Interpretation of sliding). On the sliding arc the prescribed effort jumps from waiting to
full effort, and effective effort keeps the state on the curve. One way to implement sliding is to let
players revise their actions only at common dates and keep them fixed between revisions. The state
then chatters around the curve, and its average motion is the sliding motion (Figure 6b). For the
equilibrium constructed here, Proposition 6 makes this approximation precise. Sliding occurs only
on the myopic curve, where the flow payoff from own effort equals s, so the way effective effort is

split among the players does not affect their flow payoffs (Lemma B.1).

Between update dates the opponents’ efforts are constant, so every deviation generates an
ordinary trajectory. A deviating player may change effort at any time, including between update

dates.

Proposition 6 (Sampled implementation). Assume Condition 1, let a* be the equilibrium of
Theorem 2, and let A > 0. Consider the profile in which, before a discovery, all players update their
effort at the dates kA after the initial date, k = 0,1,..., to the effort prescribed by a* at the current
state and hold it until the next update date, and in which they use the known-state equilibrium after
a discovery. For every compact set C C (0,1) x [0,1) of initial states there is ea(C), with ea(C) — 0
as A | 0, such that from every initial state in C no adapted unilateral deviation raises a player’s
payoff by more than ea(C). As A ] 0, the no-discovery path of the profile converges to the profile

path of a*, uniformly on bounded time intervals, and its payoffs converge to those of a*, uniformly
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on C; against a fired measurable unilateral schedule, the no-discovery path converges uniformly on

bounded time intervals to the trajectory defined by (7.3).

The proof is in Section B.5.

8 Hidden failures

When failed opportunities are hidden, competition can dissipate a player’s whole surplus from a

discovery, and players then learn less than when every opportunity is public.

Suppose that actions and the opportunities that pay, which we call successes, remain public, but
that the opportunities that pay nothing, which we call failures, are observed by nobody, not even
the player who finds them. Beliefs therefore stay common. A success shows that the resource is
productive and resets quality to zero, so it sends the state to (1,0), as every opportunity does in
Section 2, and in this section a discovery is the first success. Between successes quality is hidden,
because nobody sees when a failure resets it. In the fishing example, guides see the fish that are
landed but not the encounters that disturb a site without a catch. Let ¢ denote the expected quality
of the resource, conditional on its being productive and on the public history. Initial quality is
known, so ¥y = pg. Between successes, aggregate effort moves the belief and expected quality

deterministically.

Lemma 8.1 (Filter). Fiz a state (p,v) with p > 0, and suppose that aggregate effort follows a

measurable path Ay until the next success. Then, until the next success,

Pr = —AApe (1 — py), P = (1 — ) (n — Aty (8.1)

for almost every t, and the next success arrives with intensity AA:p:: and sends the state to

(p, ) = (1,0).

The belief falls more slowly than in (2.2), because only a success shows that the resource is
productive. Effort now lowers expected quality, for two reasons. A failure resets quality unseen,
and the absence of a success suggests that quality is low. Recovery raises expected quality at the
rate (1 — ¢). Expected quality summarizes everything the players need to know about quality,
because the motion (8.1) of the state, the intensity of a success and expected payoffs all depend
on the conditional distribution of quality only through its mean. A Markov strategy is therefore a

Borel function of (p,1)), and Definition 1 applies with ¢ in place of p. Section H defines trajectories.

Working the resource pays more than the safe activity if and only if pi > ¢, so the myopic curve

of Section 2 becomes piy = q. The aggregate effort that keeps the state on the curve is

n(l—1)

Ap () = M1 —q)

(8.2)

On the edge p = 1 the curve is the point @ = ¢, where the aggregate effort flm(q) =n/(\q) holds

27



expected quality still. The other N — 1 players can supply this effort by themselves if and only if
A(N —1)q > n, that is (N — 1)s > nh. In that case players wait where working the resource pays
less than the safe activity, use full effort where it pays more, and slide along the whole curve on

which it pays the same.

Proposition 7 (Hidden failures). Suppose that (N —1)s > nh. The symmetric Markov strategy that
waits where py < q, uses full effort where pib > q and uses flm(w)/N where pyp = q is a symmetric

Markov perfect equilibrium under the Filippov convention, and it has the following properties.

(a) After every success, expected quality recovers to q and is held there until the next success, and
each player’s value is s whenever ¥ < q. In particular, a discovery is worth nothing to an

individual player.

(b) Before a discovery, each player’s value is s wherever pip < q, and the state slides along the

whole myopic curve.

(¢) From every initial state with 0 < py < 1, along the no-discovery path the belief converges to
min{po, ¢}, and a discovery occurs with probability (po — q)+/(1 — q). Neither depends on the

initial quality.
If instead (N — 1)s < nh < Ns, the strategy is not an equilibrium.

Hiding failures changes the game after a discovery. When failures are observed, effort lowers
quality only through opportunities, each of which resets it to zero for everybody to see. Players can
then only choose when to harvest the recovering resource, and the race to harvest first leaves each of
them the surplus ey > 0 (Proposition 1). When failures are hidden, effort lowers expected quality
gradually, so players can hold it at ¢, where a unit of effort earns exactly the safe flow. Above ¢, a
player who holds back gives up her share of a positive flow. If the other N — 1 players can hold
expected quality at ¢ by themselves, her holding back does not stop expected quality from falling
to g. Full effort is then a best response above ¢, and competition after a discovery dissipates each
player’s whole surplus, as in the open-access fishery of Gordon (1954). When (N — 1)s < nh < N's,
a player who holds back just above ¢ lets expected quality rise, which is worth more to her than her
share of the flow, so the strategy fails, and when nh > Ns even full effort by all players cannot hold
expected quality at g. We do not know the equilibrium when (N — 1)s < nh.

Since a discovery is worth nothing to a player, information has no private value before a discovery.
Above the curve, a player who holds back saves little of the surplus for later, because the other
players’ full effort pushes the state to the curve anyway, and when (N — 1)s > nh this saving is
worth less than her current surplus. Each player’s equilibrium effort therefore maximizes her current
flow payoff, as if she ignored the future, and we call the equilibrium myopic. When failures are
observed, the equilibrium approaches this form only as the number of players grows (Proposition 4),

because ey > 0 for every N.

When (N — 1)s > nh, hiding failures therefore reduces learning (Figure 12). When failures are

observed, learning stops at £y < g (Theorem 3), because a discovery is worth ey to a player. When
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Figure 12: Hiding failures stops learning at a higher belief, from every initial quality. (a) The
equilibrium of Theorem 2, in which failures are observed, and its no-discovery paths (black) from
the belief py = 0.8 and the qualities 0, 0.4, 0.7 and 0.95 (dots on the line p = 0.8). Shading shows
individual effort, from white (wait) to grey (full effort). Thin black curves are the frontiers of the
bands of interior effort, as in Figure 5, the vermilion curve is the sliding arc, and the dotted curve
continues the myopic curve p = ¢/p. Every path approaches the dot at the belief £y = 0.42 and full
quality. (b) The equilibrium of Proposition 7, in which failures are hidden, and its no-discovery
paths from the same states, with expected quality ¥ on the horizontal axis. Players wait below
the myopic curve py = ¢, use full effort above it and slide along all of it, so the whole curve is the
sliding arc (green). Full effort lowers expected quality, so paths above the curve move to the left.
Every path approaches the dot at the belief ¢ = 0.5 and full expected quality. (c) The probability
that the resource is found if it is productive, which is the probability of a discovery divided by pg, as
a function of the prior belief pyp and from any initial quality, when failures are observed (vermilion)
and when they are hidden (green). The vertical line marks the prior 0.8 of panels (a) and (b).
Baseline parameters, as in Figure 1, for which (N — 1)s = nh.

they are hidden, learning stops at g, the belief at which a player who ignores discoveries stops. From
priors above ¢, the belief approaches ¢ along the myopic curve, because the aggregate effort flm(w)
that keeps the state on the curve falls as expected quality recovers and vanishes at full expected
quality. At the baseline parameters, Condition 1 holds and (N — 1)s = nh, so both equilibria exist.
From a prior of 0.8, a discovery occurs with probability 0.66 when failures are observed and 0.60
when they are hidden, so a resource that is productive is found with probability 0.82 and 0.75. From

priors between ¢ = 0.42 and g = 0.5, players never experiment when failures are hidden.

The proof in Section H follows Sections 6 and 7. Without a success, the odds p/(1 — p) and
pY/(1 — p) follow a linear system, and their difference decays at the rate n whatever the players do,
so its logarithm serves as the quality clock. Above the myopic curve, the private gain satisfies a
transport equation like (6.6), whose source is negative when (N — 1)s > nh. On the edge p = 1,
where every success returns expected quality to zero, a bound that applies afresh after each success

completes the proof.
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9 Conclusion

For experimentation on a resource that the experiments themselves deplete, we solved the planner’s
problem and, under three conditions on primitives and with Filippov trajectories, constructed a
symmetric Markov perfect equilibrium. Players exploit too early when productivity is likely and
quality is moderate. From uncertain priors above the planner’s abandonment belief, they also
learn too little overall. Initial quality affects only when they experiment before a discovery. In
the fishing example, guides return before a promising site’s catchability has recovered and stop
exploring uncertain sites that a planner would keep exploring. At intermediate qualities the state
slides along the myopic curve, dissipating the flow rent. Frequent updates of actions give ordinary

trajectories and approximate Nash equilibria (Proposition 6).

The three conditions of our existence theorem hold in large groups but can fail when recovery is
fast or players are very impatient. The frontiers of our construction can then detach from the sliding
arc, cross the myopic curve or fall faster than full effort lowers the posterior, and an equilibrium
would need a different structure. For all primitives, symmetric Nash equilibria in deterministic
schedules exist, and every equilibrium in deterministic schedules reaches the same terminal belief,
min{po, ¢}, as the Markov perfect equilibrium (Section F). It is open whether a Markov perfect
equilibrium exists outside our conditions or with ordinary trajectories, whether it is unique outside
the intermediate range of qualities or the regular class, what asymmetric equilibria, which in
exponential-bandit games can improve on the symmetric one (Keller et al., 2005), look like in this
model, and at what rate the error of the sampled implementation vanishes. Partial resets of quality
or inconclusive news, which the model rules out, would change both the learning problem and the

game after a discovery.

What players observe also shapes how much they learn. When failures are hidden and (N —1)s >
nh, there is an equilibrium in which competition after a discovery dissipates the whole rent of the
known resource and learning stops at ¢, above ¢x (Section 8). We do not know the equilibria when
(N —1)s < nh, or when each player privately observes her own failures, so that beliefs are no longer

comimon.

30



A Proofs for Section 3

A.1 The known-state equilibrium (Proposition 1)

On {p = 1} write up = s+en, D(p) = n(1 —p) and b(p) = gp — s. Against the symmetric threshold

profile, the coefficient of own effort in a player’s normalized Bellman equation is

A

o(p) = b(p) + - [ug — u(p)].

For the symmetric profile with effort a, the candidate value satisfies Du' = r(u—s)—rab+ANa(u—uy)
almost everywhere. Waiting below a candidate threshold and full effort above it give the two branches
in (3.3); on the active branch, the stated solution is the only one that remains bounded as p — 1.
Matching u(Ex—) = u(En+) and private indifference ¢(Ex) = 0 eliminate ey and give (3.1);
substitution gives (3.2).

FEzistence and uniqueness of the root. Let F(p) denote the right side of (3.1) with g in place of
En. With 2 =1— 9, H=1—2% and ¢y = \n/Ly;,

A
>1——>0.
= LN>

rBzP }

/ — —
F(Q)_1+CO{T+AKH (r+AKH)?

Since F'(0) =0, F(1) =1 and F(p) < o for 0 < p < 1, the equation F(Ey) = ¢ has a unique root
in (g,1).

Optimality. On the active branch ¢/ = g — (A\/r)u’ = g(1 — A/Lx) > 0. On the waiting
branch v’ increases with quality, and ' (Ex—) = (rg/Ly)7/(r + AKHy) < rg/Ly = v/ (En+),
so ¢ > g(1 — \/Ly) there as well. Hence ¢ < 0 below the threshold and ¢ > 0 above it. The
value equation then implies L% + r[s + @ (gp — s)] — ru < 0 almost everywhere for every own effort
a € [0,1], where Lo = n(1 — p)u’ + Na + Ka(p)][u(0) — u(p)]. Between opportunities, quality
follows p = n(1 — p) independently of effort and crosses Ey at positive speed, so the action assigned
at Ey is irrelevant. Integrating the expected jump increments against the bounded predictable

intensity and applying the inequality gives, for every adapted deviation and every T,

ulp) 2 B[ [ rer s aulop— o)} e+ e Pulpr)]

with equality under the profile. Boundedness of u removes the terminal term as T — oo, and the

arrival rate is bounded by AN, so opportunities do not accumulate.

Comparison with the planner. The planner’s threshold equation (3.4) subtracts a strictly larger
quantity than (3.1) at every interior candidate threshold, and both right sides are strictly increasing;
hence Ey < Ry. Let U(p) = V(1,p) and let Gp(p) = (gp — s)/N + (A\/r)[U(0) — U(p)] be the
planner’s effort coefficient (Section A.2). The equilibrium uses aggregate effort N on (En, Ry),
where Gp < 0; the residual of the maximized planner equation under this effort is —rNGp > 0.
Hence U(0) — u(0) = Dy — en equals the expected discounted integral of this residual along the
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equilibrium path from p = 0. A compact subinterval of (Ey, Ry) is reached before a reset with

positive probability and occupied for positive time, so the integral is positive and ey < Dy O

A.2 The planner’s known-state problem

Throughout the rest of this appendix, K = AN and Q = g(r 4+ n). The known-state planner value
U(p) = V(1,p) is given by (3.3) with (En,en) replaced by (Ry, Dy) from (3.4).

Uniqueness of the root. Let Fi(p) be the right side of (3.4) with g in place of Ry, and z = 1— p.
Then Fy (o) = 1+ syl — (1 + B3)2°] > S > 0, Fy(0) = 0, Fy(1) = 1 and Fy(q) < g, so
the root is unique in (g, 1). The two branches of U and their derivatives agree at Ry, where both

one-sided derivatives equal rg/(r + k + 7).

Optimality. The known-state Bellman equation is

rU(p) =01 = p)U'(p) + s+ max A[S=(gp— 5) + MU(0) = U(p)}].
The coefficient of aggregate effort divided by r is Gp(p) = (gp — s)/N + (A\/r)[U(0) — U(p)].
Substitution gives Gp(Ry) = 0. On the active branch G’» = Q/[N(r 4+ k + n)] > 0. On the waiting
branch U” = B(8+1)Dy(1—p)~#~2 > 0 and U’ increases to rg/(r+r£+n), so G’» > Q/[N(r+r-+n)]
there too. Hence waiting maximizes the Bellman equation below Ry and full effort above it. The
bounded value U satisfies the equation under the threshold policy, and the same verification argument

as in Section A.l proves optimality against every adapted aggregate effort process.

An identity used below follows from (3.4):

r+K

A.3 A concave problem in the survival path

Before the first discovery quality follows p; = 1 — (1 — p)e . For a measurable schedule A :
[0,00) — [0, N] define Q; = exp{—A f(f A, du}, the probability of no opportunity by ¢ conditional on
productivity. The unconditional survival probability is 1 — p + p@;, and the first-discovery density
is pAA:Q:. For p > 0 put

c=m0=P) 00—, () =y — Bet,

p
Lemma A.1 (Survival representation). For 0 <p <1,

T

Vi) =5 = gy [T MO0 - Q) + clog Q] (A2)

where the supremum is over locally absolutely continuous Q with Qo =1 and —kQ < Q' < 0 almost

everywhere. For 0 < p < 1 the objective is strictly concave in Q.
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Proof. After a discovery the planner obtains s + Dy. Let J(A) be the payoff of schedule A until

discovery followed by the optimal known-state continuation. The first-discovery decomposition gives
p o
J(A) —s= ¥ / e " A [(kDn + 1gpe — 78)Qr — ] dt.
0

Put k(t) = kDy+7rgp:—rs; then k' —rk = —rIl. Substituting A;Q; = —Q;/X and A; = —(log Q)" /A
and integrating by parts gives (A.2): the bounds e < @Q; < 1 and |log Q| < Kkt remove the
terms at infinity, and the terms at zero produce the constant in II(1 — Q). Conversely every
feasible @ induces the measurable effort —Q'/(AQ) € [0, N]. Before discovery, conditional on any
randomization independent of the hidden state, a policy determines one no-opportunity schedule,
so randomization cannot improve on the supremum. The feasible set is convex, and for ¢ > 0 the
second derivative of the integrand in Q is —c/Q? < 0; distinct continuous paths differ on an interval,

so the objective is strictly concave. O

A.4 The frontier and the optimal paths

Define
K Ui P
c I€+77 Ny Ce li—|-77 Ny Pe

(A.3)

By (A.1), Ry < pf < 1. Fora > 0and T > 0 let

1 — ¢~ (rta)T 1—e T T (T)
L(T)=———— —e T — H(T) =" T)=e "1 - H(T)e "].
()= e HI) = ) =T B
(A.4)
The low-quality branch of the frontier is
(T) =1 — I gy T)=——> __  0<T<oo (A.5)
pb - Q 9 pb - TS—’—HNf(T)’ ) .

and the high-quality branch is (3.5) on [pf, 1].

These formulas define a continuous strictly decreasing graph p = p”(p) on [Ry,1]. Writing
et —emoT = ftT ae” " du gives I1,(T) = % OT e (1—e ") du. Let w(u) = e~ ("+M%(1 —e~"%) and
Mp(T) = J§ e™wdu/ [i wdu, sothat H = = Mp. Then Mp(T) = w(T)[e" —=Mp(T)]/ g w > 0,
and H(T)e " < k/(k +n). The expansions I,(T) = aT?/2 + o(T?) and I,(c<) = 1/(r + a) give
H(0+) = x/(k+n) and H(co) = (r + £+ n)/(r + k). Also f/(T) = e *T{—k+ (k +n)He " —
H'e="™} < 0, f(0+) = n/(k +n) and f(co) = 0. Hence pj, < 0 < p}; (A.1) gives the endpoint
(Ry,1), and T — 0 gives (pr,p'). On the high branch dp® /dp = —rsQ/[rs + Iy — Q(1 — p)]? < 0;
it joins the low branch at p! and reaches (1,p%).

Construction. At p = 0 choose A = 0; at p = 1 use the known-state policy. For 0 < p < pﬁ
choose @ = 1. For p§ < p < 1, define B, by By, = IIy — ¢ if ¢ > ¢. and by By, = lIxyH(T},) with
Iy f(Ty) = cif ¢ < ¢.. Wait for , 5

tw = maX{O, 5 log gb}
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(tw = 0 if B =0). With B,, = Be v and time u = t — t,,, use full effort for the duration T' given
by the largest solution 7" > 0 of
c=e "T[lly — Bye "], (A.6)

and then
c

o — >T A.
Q=g u=T (A7)

which corresponds to aggregate effort A*(p;) in (3.5).

Proposition 8 (Global verification). The path just constructed is the unique maximizer of (A.2)
for 0 < p <1, and together with the known-state policy it implements an optimal policy from every

state.

Proof. If ¢ > T, the derivative of the integrand is ¢/Q — II(t) > 0 for @ < 1, so @ = 1 is optimal.
Let 0 < ¢ < IIy.

Feasibility. For 0 < & < By let he(u) = e ™ (IIxy — {e™™). Its derivative has the sign of
—kIly + (k 4+ n)&e™ ", which is nonincreasing, so h¢ has at most one interior maximum and tends
to zero. At a low-branch start, hp, (T;) = c and hip (T;) < 0 because H(Ty)e " < k/(k +n);
if £ < By, then he(T,) > ¢, so there is a later root on the decreasing branch. At a high-branch
start, hp,(0) = ¢ and h’p (0) < 0, and he(0) > ¢ for § < By. Since By, < By, the duration T
exists. At the terminal root nB,e "’ /(IIy — Bye ) < k, and the left side decreases afterward,
SO —/1@ < @’ < 0 in the final phase.

Multiplier. Let AP be the constructed aggregate effort, so that AAY is the hazard of an
opportunity, and let Qf = exp(—\ fot AP be its survival path. We construct an absolutely

continuous zg with

2y =e "1 —¢/QF) + NAT 2,

with zg > 0 while waiting, zg < 0 under full effort, zyp = 0 in the final phase, and vanishing terminal
products. Concavity and integration by parts then bound the gain of any feasible @, up to a positive

factor, by - 0
/0 e c/QF —T)(Q - Q) dt = /0 20(H)[Q) + AT Q] dt <0,

because Q' < 0 while waiting and Q' + x@Q > 0 under full effort. In time u after waiting, set 2 =0
in the final phase and, under full effort,

T
Z(u) = —e”“/ e~ v g(v) do, d(v) =1y — Bye ™ — ce”™.

Then Z(T') = 0 and the multiplier equation holds. Since d” < 0 and the terminal root lies on the
decreasing branch, d is nonnegative before T or changes sign once from negative to positive. At a
low-branch start, substitution of (A.4)—(A.5) gives f(;f e~ 1) d(v) dv = 0; at a high-branch start
T = 0. For B, < By, let Z(§) be this integral at the root selected for coefficient §; then Z'(§) =
— fOT(E) e~ (rtrtn)v dy < 0, so Z(By) > 0. The sign pattern of d then gives a nonnegative integral
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from every u < T, so 2 < 0. Set 29(t) = e "wZ(t —t,,) after waiting and zo(t) = [/ e " [c—TI(v)] dv
during waiting. If t,, > 0 then B, = By, so z2(0) = —Z(Bp) = 0 and 2 is continuous at t,,. In
addition, II(t,) — ¢ = d(0), which is zero at a high-branch start and negative at a low-branch start,
because there d changes sign once, from negative to positive, and Z(By) = 0; since II is increasing,
zp > 0 while waiting. Terminal products vanish because 0 < @ < 1 and z9 = 0 after ¢, + 1. Strict

concavity gives uniqueness.

Feedback form. By uniqueness, the no-discovery tail at any date is the optimal path from the
current state, with ¢; = ¢/QF and B; = Be . The waiting phase ends when B; = By(c;), that
is, exactly when the state reaches the frontier: for ¢; > ¢, this is rs(1 — py)/pr = Uy — Q(1 — py),
the high branch, and for ¢; < ¢ it is the point (py(1p), pp(1p)) of the low branch. A state strictly
above the frontier, or on its low branch, has t,, = 0 and 7" > 0 (on the low branch T' = T;), so
the planner uses full effort; a state on the high branch has t,, = 7' = 0, and the final phase keeps
ct = Iy — Q(1 — py), that is, p; = p¥'(p;). This is the stationary policy in Theorem 1. At p = 1
optimality follows from Section A.2; at p = 0 the safe action is optimal; every opportunity leads to
(1,0), whose continuation is optimal, so the first-discovery decomposition proves optimality in the

original problem. ]

A.5 Learning and the size of the group

For pk < p < 1 the optimal path satisfies Qoo = ¢/Ily, so total effort is A~1log(Ily/c) =
A logit p — logit pX], the limiting posterior is p4;, and the probability of a discovery is p(1 — Quo) =
(p — p&)/(1 — p&). This proves (3.6). In addition, V(p, p) = s if and only if p < p: for p > p¥,
choose ty with II(tg) > ¢ and use a short burst of effort at ¢o; the derivative ¢/@Q — II of the integrand

is negative along the altered tail, so the objective rises.

Lemma A.2 (Planner and group size). Ry and NDy increase strictly with N and p%; decreases
strictly. Let Roo € (q,1) solve ¢ = Roo — 2(1 — Reo)[1 — (1 — Rso)?]. Then Ry — R, NDy —
Cp = nh(1 — Roo)'™# >0, and p§, — rs/[\(Cp +rh)] < q.

Proof. The coefficient ANn/(rLy) in (3.4) increases strictly with N and the right side is increasing
in the threshold, so Ry rises; the limiting equation has a unique root in (g, 1) because its right
side has derivative (14 1/8)[1 — (1 — ¢)%] > 0. Substitution in (3.4) gives the limit of NDy. For
monotonicity of N Dy, write Vv for the planner’s value with N players and note that N[V (1,0)—s| =
supg<ca<n E [ re " Ay(gpe — s) dt is the value of a problem whose feasible set expands with N;
strictness follows by raising effort slightly on an interval of qualities above Ry that is reached with
positive probability, where the marginal gain of the smaller planner is strictly positive. Finally
ph = 7s/[N(NDy + rh)] decreases strictly and converges to 7s/[AN(Cp + rh)] < rs/(A\rh) =q. O
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B Foundations: proofs for Sections 6 and 7

B.1 Well-posedness (Lemma 7.1)

Fix t. Because each a;(expity, p(t)) is nondecreasing in y, so is the opponents’ aggregate Y(y) =
> j-i aj(expit y, p(t)); its one-sided limits T (z+) exist, and the set (7.2) is the interval A_;(z,t) =
[T¢(x—), Y¢(z+)]. The right side of the inclusion (7.3) is the Filippov regularization of a function
that is Borel in (¢,z) and bounded by AN; the endpoints T;(z+) are monotone limits of Borel
functions, so the set-valued map is measurable in ¢ and upper semicontinuous with compact convex
values in z. Hence a trajectory exists on every bounded interval (Filippov, 1988, Ch. 2), and

boundedness extends it to [0, 00).

Let z and Z be trajectories for schedules u and @ from the same initial state, with opponents’
effective efforts A_; and A_;. If 2(t) > Z(t), then every element of A_;(x(t),t) is at least Ty (z(t)—) >
Y (Z(t)+), which is at least every element of A_;(%(t),t); hence (z — Z)(A_; — A_;) > 0 almost

everywhere. Therefore

d -
priGae i) =-2XNz — @) [(u—a)+ (A — A_)] < 2X\|z — #| |u — @l.

Since |z — Z| is absolutely continuous and its derivative vanishes almost everywhere on {z = 7},
this gives 4|z — | < A|lu — 1| almost everywhere, so [z — #|(t) < A5 lu—@|. With u = @ this is

uniqueness. i

B.2 The reduction (Lemma 6.1)

Measure calendar time o > 0 from the initial state, let (x,) be the no-discovery trajectory,
Ay =us + A iy, Qs = exp(—A [§ A) and Sy, = 1 — p + pQ, the probability of no opportunity
by o. Conditional on no opportunity, the posterior is p, = pQ,/S, and the intensity of the first
opportunity is Ap,A,. At the first opportunity every player’s continuation value under the known-
state equilibrium is s + ey; a deviation after it cannot raise player i’s continuation (Proposition 1).

Splitting the payoff at the first opportunity,
. o0
J = / e TS, [r{s + Uo(gPopo — $)} + Apo Ao (s + eN)] do.
0
(e7798y) = —e TS, (r + ApsAy) and e 7S, — 0, the terms proportional to s integrate to

J— s = / e "7 Sy [rue(gpope — $) + ApsAsen| do.
0

Finally S,(1 — p,) = So —pQs = 1 —p, so S, = (1 —p)/(1 — py). Substituting, and using
(gpp—s)/(1 —p) = m and p/(1 —p) = e”, gives (6.1) with ¢ =t + 0. The same computation applies
at p = 1, where quality stays at one until the first opportunity, with e*(g — s) — s in place of m(z, ).
O
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B.3 Transport of the gain (Lemma 6.2)

For constant effort a € {0,1}, put D, = 9 — ANad,. Equation (6.4) reads rW = D, W + a(rm +
ANepne®), so differentiation in = gives D, W, = rW, — a(rmy + ANeye®). Hence

D,G = rmy — AKarmg — rAW, = rG + r[my — AKam, — Aene” —rm] = rG + 1S,

because m; — Aeye® —rm = Sy and S1 = Sp — AKm,. ]

B.4 The verification theorem (Theorem 4)

Lemma B.1 (Payoffs on the sliding arc). Suppose a trajectory spends a set T of times on a curve
on which m = 0. Then, for almost every t € T, player i’s reduced flow payoff is —eNe‘”(t)i(t),

whatever the split of effective effort between the deviator and the opponents.

Proof. The flow in (6.1) is Tum + Aenye”(u + A_;); on the curve the first term vanishes and
AMu+ A_;) = —& almost everywhere. O

Proof of Theorem /. Since a(-,t) is nondecreasing, Lemma 7.1 gives well-posedness against unilateral
deviations. It remains to show that the profile path exists and is unique, and that no deviation is

profitable.
Ezxistence of the profile path. Write B(x,t) = [a(x—,t), a(xz+,t)]. The existence and monotonicity

proof of Lemma 7.1, with the aggregate coefficient N, gives a unique solution of
z(t) € =ANB(z(t),t).

At a continuity point of a(-,t) this is £ = —ANa(z,t). At a discontinuity, condition (ii) puts the
state on the smooth myopic curve. An absolutely continuous function has derivative zero almost
everywhere on its zero set; applying this to z(t) — x,,(t) shows that, at almost every time spent at
a discontinuity,

L(t) = &m(t) = =AAm(p(t)) = —ANa(xz(t),1),

where the last equality is hypothesis (iii). Thus this path follows the prescribed pointwise actions
almost everywhere, so it is a profile path. Every profile path solves the inclusion, since a(z,t) €
B(x,t), so the profile path is unique. Along it, u(t) = a(x(t),t) and A_;(t) = Ka(x(t),t) solve
every player’s unilateral inclusion, because a monotone function’s pointwise value lies between its
one-sided limits. At full quality the same argument uses a stationary myopic point and A,,(1) = 0.

Optimality against unilateral controls. Fix an initial state (zg,to), a deviation u, its trajectory
z(-) and the opponents’ effective effort A_;. The function Z(t) = e "("90)W (2(t), t) is absolutely

continuous on compact subintervals of (¢g, 00) and continuous at ¢y, and almost everywhere

= (t)4e ") [rum+ deye® (u+ A_;)] = e ") (1), L=Wi—rW+AA_;(ene” —W,) +uG.
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Continuity points. If a(-,t) is continuous at x(t), then A_; = {Ka} and A_; = Ka. Since
a(NG — Krm) = aG + A\Ka(eye® — Wy), (6.4) gives ¢ = (u — a)G < 0, because a maximizes bG
over b € [0,1].

Discontinuity points. If a(-,t) is discontinuous at x* = x(t), then by (ii) m = G = 0, so
ene® — Wy = (G —rm)/X =0 and « = Wy —rW. The continuity points of the monotone function
a(-,t) are dense; along a sequence of them converging to z*, (6.4) gives rWW —W; = a(NG—Krm) — 0,

because a is bounded and NG — Krm is continuous and vanishes at x*. Hence ¢ = 0.

Thus ¢ < 0 almost everywhere, with equality if © = a wherever a is continuous. Integrating first
from tg + ¢ to T" and then sending ¢ | 0 gives, by continuity of W and boundedness of the flow on
this path,

W (zo,to) > /t " emrt—to) [rum + Aeye®(u+ A_)] dt + e T W (x(T), T).
0
Because x is nonincreasing, |W (z(T),T)| < C(1+¢€"), and the last term vanishes as T' — co. Hence
the reduced payoff of any deviation schedule is at most W (xg, tg), with equality for the prescribed
profile path established above. By Lemma 6.1, applied conditional on the deviator’s independent
randomization and then in expectation, J* < s+ (1 — p)W = v, with equality in equilibrium. At
p = 1 the known-state equilibrium is optimal against all deviations (Proposition 1); at p = 0 there
are no opportunities and gpp — s < 0, so zero effort is optimal. At p = 1 the state stays at p =1
until the first opportunity, and the same argument applies with W, in place of W and W, =0. O

B.5 Implementation by frequent updates (Proposition 6)

Proof of Proposition 6. Fix a compact set C of initial states, measure elapsed time by ¢ > 0, and

write the quality clock as tg + 0. Let
B(z,t) = [a*(z—,1),a" (z+,1)]

be the completed graph of the equilibrium feedback. It has compact convex values and is upper
semicontinuous jointly in (x,t): off the closed sliding arc a* is jointly continuous (Theorem 2(b)), so
B is single-valued and continuous there, and on the closed arc, including its endpoints, B = [0, 1].

This joint property is the regularity used here in addition to the hypotheses of Lemma 7.1.

Paths. Against a measurable deviation ua, let bo be the opponents’ sampled aggregate effort.

The no-discovery path is the ordinary solution of
TA = —)\(UA + bA), bA(U) = KCL*(J:‘A(kA),tO + k‘A) for kA <o < (k + 1)A.

These paths are Lipschitz with constant AN. Along any sequence A | 0, a subsequence of za
converges uniformly on bounded intervals, and ua and ba converge weakly star in L°, to limits

x, uw and b; passing to the limit in the integral equation gives & = —A(u + b). The sampled
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state differs from the current state by at most ANA, and the sampled time by at most A. By
upper semicontinuity, for every o the value ba (o) lies between Ka*(x(0)—,ty + o) — da(o) and
Ka*(z(o)+,to+ o) + da(o), where da (o) — 0 for every o and |da| < N. Integrating these bounds

against nonnegative test functions in L' and using dominated convergence gives
b(o) € KB(x(0),to+ o) for almost every o,

so the limit is a trajectory (7.3) of the unilateral system with schedule u. For a fixed schedule u,

uniqueness (Lemma 7.1) identifies every subsequential limit, so the whole family converges.

Payoffs. Lemma 6.1 applies to sampled profiles, because its proof uses only the no-discovery
path. Since A(u + b)e” = —%ez and e "7¢%(?) — 0, integrating the second term of (6.1) by parts
gives

Wi =ene™ + 7“/ e "’ [u(a)m(a:(o),to +o0) — eNef”(”)} do. (B.1)
0

The right side depends on the opponents only through the path. On bounded intervals, uniform
convergence of xa and weak-star convergence of ua imply convergence of the integral, even when
the schedules vary with A; and because xa (o) < xg, the integrand is bounded and the tails beyond

T

any date & are bounded by a constant times e~"?, uniformly over initial states in C. Hence payoffs

converge along every convergent subsequence.

Equilibrium payoffs and incentives. When all players use the sampled feedback, the same
argument applied to the full profile gives limits that solve & € —ANB(z,t). This inclusion has a
unique solution, the profile path of Theorem 4, so the sampled no-discovery path converges to it and
the sampled equilibrium payoff converges to v*. The compactness argument applies verbatim when
the initial states (pp, pn) € C vary with A, | 0 and converge to some (p, p): the limit inclusion has a
unique solution from (p, p), so the sampled equilibrium payoffs converge to v*(p, p). Together with
continuity of v* (Theorem 2(c)), this gives uniform convergence on C. Suppose that the largest gain
from a deviation does not converge to zero uniformly on C. Then there are A, | 0, initial states
in C converging to some (p, p) € C, and deviations whose gains are bounded below by some € > 0.
Before the first opportunity, and conditional on the deviator’s independent randomization, each
deviation is a measurable schedule; after it, the known-state equilibrium bounds every deviation.
Passing to a convergent subsequence, the argument above yields a unilateral trajectory from (p, p)

with payoff at least v*(p, p) + ¢, which contradicts Theorem 4. O

B.6 Necessity of sliding (Proposition 5)

Lemma B.2 (Order of thresholds). ¢ < En < pm < px < pp <1 and 1 —pp < AX(1 —q)/Ln,
where pm = (N + ANq)/(n+ AN) is the quality at which Ap(pm) = N. The functions ©¢ and O
are strictly increasing, and Oy(tg) < O1(tg) < 0 < O1(ts), where tg and t, are the quality clocks of
Eyn and py, and

/O T e AN Q (t 4+ u) du = 6 (p(t))  for allt, (B.2)
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where ¢'(p) = g(1 — N\/Ly)(p — En) is the private gain ¢ on the active branch of the known-state

equilibrium; in particular the integral vanishes at t = tg.

Proof. The inequality ¢ < Ey is part of Proposition 1. By (3.1), since Hy/(r + AKHy) < 1/(AK)
and 2y < 1—9¢q, EN —q < n(l —q)/(KLy) < n(1 —¢q)/(n + AN) = py —q. From (3.2),
en <ngzn” /Ly <ng(1 —q)/Ly. Hence 1 — pp = en/(nh) < N1 — q)/Ly < A1 — q)/(n+ AN),
which gives both pp > ¢ and, after rearrangement, (n + AN)pp > n+ AK + A\g, which is equivalent
to px > pm. Since p, is a strict convex combination of ¢ and pp, ¢ < px < pp; pp < 1 because
ey > 0.

Both ©y(t) = Cy — Qe and ©1(t) = C; — Ce™™, with Cy = Xey + (g — 8), Q = g(r +n),
Cy =Xeny + (r+AK)(g — s) and Cy = g(r + AK + 1), are strictly increasing. The left side of (B.2)
equals C;/An — C2(1 — p)/Ly. On the active branch of (3.3), ¢(p) = gp — s + (A\/7)[uo — u(p)]
is affine with slope g(1 — A\/Ly) and vanishes at Ex. Expanding both affine functions of p and
using Ly = Ay +n and (r + AK) = Ay — A shows that they coincide; this is (B.2). Write I(t) for
the left side. Then I'(t) = AnI(t) — ©1(t), and at tp, I =0 and I’ = g(1 — A\/Ly)n(1 — Exn) > 0,
50 O1(tg) < 0; since gEN > s, Op(tg) = ©1(tg) — AK(gEN — s) < O1(tg). On the myopic curve
S1 =sn(ps — p)/(p — q) — MK s, which is strictly decreasing in p and vanishes at p.. At ., S =0

on the myopic curve, so @1(t*)e“m(t*) =7rs > 0. ]

Lemma B.3 (Jumps lie on the myopic curve). Let (a, W) be regular on a strip, and suppose that
at a point (x*,t) of one of the curves (i the one-sided limits a(x*+,t) differ. Then G(z*,t) =0 and
m(z*,t) = 0.

Proof. Taking limits of (6.4) from both sides, with W, W; and G continuous, gives (a(z*+,t) —
a(x*—,t))(NG—Krm) =0,s0 NG = Krm at «*. If G(z*,t) > 0, then G > 0 nearby and optimality
forces a = 1 on both sides; similarly if G < 0. Hence G = 0, and then m = 0. [

Proof of Proposition 5. We first show, slice by slice, that a = 0 below the myopic curve and a = 1
above it; parts (a) and (b) then follow. Fix ¢ € (¢1,t2), so that p. < p(t) < pp. Changing a at
finitely many points of the slice preserves its one-sided traces and the HJB identities used below; the
Filippov sets ignore these point values. Thus by Lemma B.3, after such a change a(-,t) is continuous
on (—00, Ty (t)) and on (zp,(t),00). Where 0 < a < 1 on an open set, optimality gives G = 0, so
Wy =ene® +rm/X and W = & + x(t) with

O(x,t) = eye” + %[ex(gp(t) — 8) — sz (B.3)

and x continuously differentiable. Since ®; — r® = (r/\)(rsz — Ope”), (6.4) becomes

A

AK am =rsx — Op(t)e” + v(t), v(t) = "

(X' —rx)- (B.4)

This identity also holds throughout an interval (x4, xp) of a fixed time slice on which 0 < a < 1

after the pointwise modification, even if the interval crosses exceptional curves. Set y = W — &
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and remove the finitely many exceptional points from (z4,zp). Every remaining point has an open
neighborhood on which G = 0, so x and x; are locally constant in & on each remaining subinterval.
Continuous differentiability of W makes x and x; continuous across the removed points, so their
constants agree throughout (x,,xp). Hence v = (A/r)(x¢ — rx) is constant in = on (z,, ), and

(B.4) extends across the removed points and to the endpoints of the interval by continuity.

No interior effort below the curve. Suppose a(a’,t) > 0 for some ' < x,,(t), and let 29 = sup{z <
2’ : a(z,t) = 0}, which is finite because effort vanishes at low beliefs. By continuity a(zg,t) = 0 and
0 < a <1 on an interval (zg,zo + €), on which (B.4) gives AKam = rs(x — o) — O¢(t)(e® — ™).
The left side is negative there because m < 0 below the curve, and the right side vanishes
at xo, so its derivative So(xo,t) is nonpositive. Then ©¢(t) > 0, so Sy(-,t) is decreasing, and
So(xo,t) > So(xm(t),t) = sn(ps — p)/(p — q) > 0, a contradiction. Hence a = 0 below the curve.

Full effort above the curve. Suppose a(z’,t) < 1 for some z’ > x,,(t). Since effort is one
at high beliefs and a(-,t) is continuous above the curve, x3 = inf{x > 2’ : a(z,t) = 1} is finite,
a(xzs,t) =1 and a < 1 on [2/,23). With x4 = max{x,,(t),sup{z < x3 : a(z,t) € {0,1}}} < 3, we
have 0 < a < 1 on (x4, 23). Fixing v(t) by a(zs3,t) =1 in (B.4) gives

AK m(x,t)(1 — a(z,t)) = /:3 Si(y,t)dy, x4 < x < 23, (B.5)

because both sides vanish at x3 and the derivative of the difference is zero. The left side is positive,
so Si(z3,t) > 0. But O1(t) > O;(ty) > 0 for t > t. (Lemma B.2), so Si(-,t) is decreasing and
Si(z3,t) < S1(zm(t),t) = sn(ps — p)/(p —q) — AKs < 0, a contradiction. Hence a = 1 above the
curve.

(a) With D = x — z,,(t), the symmetric drift is D = AA,, > 0 below the curve and D =
AAp — N) < 0 above it, since A, < N on [p«, pg| (Lemma B.2). The Filippov set on the curve is
—\[0, N], which contains —AA,,. After the pointwise modification the profile is nondecreasing on
each slice, and Filippov sets ignore sets of measure zero, so by Lemma 7.1 the unique trajectory

slides.

(b) Fix tg < t, in (t1,t2) and let I = [tg,ty]. Let n be the number of exceptional curves, and

add the myopic curve to them as (y = x,,. Put

u(t) = max{0, A, (t) — K}, u(t) = min{1, A, (t)}, 5(t) = W

where A,,(t) = Am(p(t)). A deviation u € (u, ) makes the myopic curve attracting from both sides.
Since 0 < A,, < N, the continuous function § has a strictly positive minimum on I. Consider the
n + 2 feasible candidate controls u;(t) = u(t) + j0(t), j = 1,...,n + 2, and, for each curve, the

control that would keep an ordinary trajectory on it,

These functions are measurable. Each fi(¢) lies within distance less than 0(¢)/3 of at most one
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candidate, and there are more candidates than curves; let u(t) be the candidate with the lowest
index that satisfies |u(t) — fx(t)| > 6(t)/3 for every k. This is a measurable control with values in
[u + 0,u — 0]; extend it measurably beyond I.

Suppose that an ordinary absolutely continuous trajectory starts at x(tg) = z,(tp). On the set
of times at which z = (, the derivative of = — ¢}, vanishes almost everywhere, so & = (j; the ordinary
equation would then require u = f;. By the choice of u, every such set of times has measure zero.
At almost every other time, the first part of the proposition gives a = 0 below the myopic curve and

a =1 above it. Hence, with D =z — x,,,
D=XA,—-u)>X>0 where D<0, D=AAn—-u—K)<-\ <0 where D >0.

The positive part DT is absolutely continuous with %D+ =1y D>0}D < 0 almost everywhere and
D™ (tg) =0, s0 DT =0 on [; in the same way D~ = 0. The trajectory therefore stays on the myopic
curve throughout I, which contradicts the fact that it spends a set of times of measure zero on it.
Hence no ordinary trajectory exists for this measurable deviation, whatever actions are assigned on

the exceptional curves. ]

C Construction of the equilibrium: proof of Theorem 2

Throughout this appendix we work in the coordinates (x,t) of Section 6.1, write z = ¢* and A = Ay,
and denote by tg < t,, < t. < tp and t. the quality clocks of En, pm, ps, pp and p. (Lemma B.2).
Both ©¢(t) = Cy — Qe ™ and ©1(t) = C; — Ce are strictly increasing (Lemma B.2), with
Co=Xeny+71r(g—35),C1 =Co+ A\K(g—35), Q=g(r+mn)and Cy = g(r + AK + n). On the myopic
curve,

So(zm(t),t) = 5’7(53_;’)), Sy (zm(t),t) = ‘9’7(;’?;”) — A\Ks, (C.1)

with p = p(t); the first follows from ©g + rs = Aenx — nh + (r + n)hp] and e*™ = q/(p — q), the
second from e*™(gp — s) = s. The value is built in four steps: the high-quality region t > tp,
the sliding arc, the full-effort region, and the low-quality band; the waiting region is filled in last.
Figure 13 shows the geometry.

C.1 High quality

For t > tp let x1(t) = logit L(p(t)), which is the zero of Sy(-,t): Og(t)e™r = rs. Let yn(t) =
T (t) — xr(t), yu(t) the solution of (6.9), and zg = xp, + yg. With po = (nps +rq)/(n+ 1), so
that ©¢(t) < 0 if and only if p(t) < pe, one has pg < pp and, from L(p) = rs/(0g + rs),

n(1—p) oum _ 1 NP =pB) (C.2)

) == r(p—q)

Lemma C.1 (High-quality band). (a) ym(t) >0 fort >tp, ym(tg) =0, and (6.9) has a unique
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low-quality band
(between zr. and zp,)

full effort

log odds x =logit p

wait

_2 T T T T
0 1 2 3 4

quality clock t = —n~tlog(1 — p)

Figure 13: The construction in the coordinates (¢, z), baseline parameters. The exit curve £ consists
of the sliding arc (thick) and the upper frontier xy of the high-quality band. Straight lines are
full-effort characteristics, traced backward from their exit points to the zeros of the full-effort gain,
which form the upper frontier xg. of the low-quality band. The lower frontier x . lies just below

THe-

root yg € (0,ym). The curves xy, and xp are continuously differentiable and strictly decreasing,

Ym
xr(tg) = xg(tp) = zm(tp), and xr(t) — xp = logit £ .
(b) Si(xg(t),t) = —rsyg(t) — AKs < 0.
(¢) The band action (6.10) is continuous and strictly increasing in x on (xr,xp), with limits 0 at

xr and 1 at Tg.

(d) g + AN has the sign of U(p(t)) in (R2).

Proof. (a) By (C.2), ymm > 0 exactly when p > pp. In (6.9) the left side increases from 0 and the
right side decreases from AK(1 — e ¥") > 0 to 0 on [0, ¥y, so the root is unique and interior,
and it is a smooth function of y,,. #r, < 0 by (C.2). Writing the condition o = 1 as F(xpy,t) =
rs(e¥—1—y)—AK (s—e"# (gp—s)) = 0 withy = xg—x1, we have F, = rs(eV—1)+AKe™# (gp—s) > 0
and Fy = —rs(e¥ — D)ap + AKe"Hgn(l —p) > 0, so &g = —F;/F, < 0. At p =1, 21 = logit /.
(b) Using ©pe™ = rs and the condition a = 1, AKe*  (gp — s) = AKs —rs(e — 1 — yg), so
S1(zg) = rs —rse¥ — AKe" (gp — s) = —rsyg — AKs. (¢) The numerator of (6.10) increases
and the denominator decreases in y. (d) tg + AN = (ANF, — F;)/F,, and ANF, — F;, = s ¥ after

substituting (C.2) and €™ (gp — s) = se¥ 7Y AN (gp —s) —gn(l —p) = A(gp — s)(N — A,). O

Values. In the band, put W = ® + xp(t) with ® from (B.3) and

oo T‘28
xr(t) = —/t e " (v) do, w(v) = T(l —z,(v)), (C.3)
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the unique bounded solution of ¥ — ry = w; every other solution differs from it by a multiple of
e and would violate the growth bound of Theorem 4. Then G = 0 in the band and, by (B.4)
with v(t) = rs(1 — x(t)), (6.4) holds with a = a. At ¢t = oo the same formulas with z; = xy and
xT = —(rs/A)(1 — xy) give the stationary band at p = 1; there W (zy) = 0.

C.2 The sliding arc

On [t tp] let Waye solve
W () = rWare(t) — Aene™ B A, (1), Ware(t) = ®(zm(ts),t8) + x7(tB), (C.4)

where \e*™ A,, = nq(1 — p)/(p — q)?. This is the value of sliding: on the arc each player’s reduced
flow is Aeye™™ A,, (Lemma B.1). We assign to the arc the gradient W, = eye™, so that G = 0

there; Lemma C.10 shows that this is the derivative of the value from both sides.

C.3 The exit curve and the full-effort gain

Let £ be the graph of xzg(t) = xp,(t) for t. < t < tp and z¢(t) = xy(t) for t > tp. It is
continuous, strictly decreasing, and slow: ¢ > —AN, on the arc because A,, < N and on the
high-quality part by (R2) and Lemma C.1(d). It is also continuously differentiable at the tip
tp: by the implicit function theorem applied to (6.9), whose derivative in y at y = y,,, = 0 is
AK # 0, yg = Y (ym) for a function Y that is smooth near 0 with Y(0) = 0 and Y'(0) = 1, so
g =20+ Y (Ym)Um — TL(tB) + Ym(ts) = Tm(tp) as t | tp. Along £ define the boundary gradient
w = ene® + rm/\, which equals eye®™ on the arc and @, on the band frontier, and the boundary
value Wg, equal to W, on the arc and to ® + y7 on the band frontier.

Full-effort characteristics are the lines © + ANt = €. Let & = x,(t4) + ANt be the line through

the onset point.

Lemma C.2 (Exits). Assume (R2). Every line £ > £, meets € exactly once, at a time t.(§) > t.
that is continuous and strictly increasing in &, with te(&x) = t« and te(§) — 0o as £ — oo. Before
te(€), the line lies above .

Proof. The function & — ANt — z¢(t) is continuous and strictly decreasing in ¢ on [t., 00), because €

is slow; it is nonnegative at t, for & > &, and tends to —oo. Monotonicity in £ is immediate. O

For a point (x,t) with £ =2 + ANt > &, and t < t.(§), let 7 =1t.(§) —t and let P. = (x,t.) be

the exit point. Define the full-effort value and gain
Wt (z,t) = / e {rm + )\NeNeﬂ (x — ANu,t +u) du+ e " Wel(te), (C.5)
0

GF(z,t) = T(expit z, p(t)) = —r/ e "S1(z — ANu, t + u) du. (C.6)
0
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Here I is defined in (6.11), and the integral in (C.5) equals e®[(r(g — s) + ANey)=5— —

rge*WtL—eL_;NT] —s(1—e").

Lemma C.3 (Full-effort region). Assume (R2). W is continuously differentiable in the open set
{(z,t) : £ > &, t < te(§)}, with

Wk (z,t) = / e " [rmg + ANene®] (x — ANu, t +u) du + e "w(P.), (C.7)
0

and its private gain rm + M eye® — W) equals GF'. W' satisfies W = Wy + NG — Krm, the
equation (6.4) with a = 1 apart from the optimality condition. If t > t,, then G¥(x,t) > 0.

Proof. Differentiating (C.5) in z, with 7, = 1/(AN + &¢(te)) > 0, produces the integral in (C.7)
plus T, "7 f(Pe) — rWe + W¢] with f = rm + ANeyne®. On the arc, (C.4) gives f —rWe + Wi =
Aeye (N — Ap) = (AN + &p)w. On the band frontier, W} = Wy + Wiy with W = @ + xr,
Wi—rW = Krm ((6.4) witha =1, G = 0) and W, = w, so f—rWeg+W; = Nrm+ANene® +wipg =
(AN 4+ & g)w. In both cases the boundary term is e ""w(FP,). At a point where the exit type changes
(the line through the tip (¢, (t5))) the two one-sided computations agree, so W[ is continuous;
W is obtained in the same way. Substituting (C.7) and using w(P.) = exe® +rm(P,)/A,

T

rm+Aene” — A\WE = [rm+ deye”](z,t) — e " [rm + dene”] (Pe) — )\/ e " [rmg + ANene”] du,
0

and writing the difference of the first two terms as the integral of a derivative along the line gives
—r [y e "S5y du. The equation rW = W, + NG — Krm follows from (C.5) by differentiation along
the line. If ¢ > t,, the line stays above £ until t.; at times in [t.,tp] it is above the arc, where
S1(zm(t),t") <0 by (C.1), and at times after tp it is above x g, where S; < 0 by Lemma C.1(b).
Since ©1 > 0 after ¢, (Lemma B.2), Si(-,¢) is decreasing, so S; < 0 along the whole segment and
GF >o0. O

C.4 The low-quality band

Fix £ > &, with exit point P. = (z.,t.). Along the line traced backward, let T¢(7) = G (z. +
ANT, te —7) and o¢(v) = S1(xe + ANv, te —v), for 0 < 7,0 < t.. By (C.6),

e Te(r) = —r /OT e"o¢(v)dv. (C.8)

Lemma C.4 (Negative gain at tg). Assume (R2). G¥(z,tg) < 0 whenever it is defined.

Proof. By (B.2), [5°e 2O1(tg +u)du = 0. Since ©1(tg) < 0 and O is increasing, the partial
integral [J e “O;(tg + u)du is negative for every 7 > 0: if ©1(tg + 7) < 0 its integrand is
* =M@ (tg +u)du < 0. Both

nonpositive and negative near zero, and otherwise it equals — [

terms of the expanded gain (6.11) are then negative. O
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Lemma C.5 (A single zero along each characteristic). Assume (R2). For every £ > &, I'¢ has a
unique zero 19(§) in (0,te —tg); Te > 0 on (0,79) and I'¢ < 0 on (19,te — tg]; and S1 > 0 at the

ZETO.

Proof. Write o¢(v) = rs — e®9(v) with J(v) = O1(te — v)e* V. Then ¥/ (v) = e*NV[ANC; — (AN +
n)Cge_"(te_“)], whose bracket decreases in v; so 9 is increasing and then decreasing, or decreasing.
At v =0, 0¢(0) = S1(P.) <0 (by (C.1) on the arc with ¢, > t,, and by Lemma C.1(b) on the band
frontier), so e”9(0) > rs. The set where e**¥ > rs is therefore an interval [0,7), and o¢ > 0 on
(T1,te); T1 < te —tE because ©1(tg) < 0. By (C.8), e""I'¢ increases on [0, 71] from zero and decreases
on [11,te], and it is negative at t. — tg by Lemma C.4. Hence the zero exists, is unique, lies in
(T1,te — tg), and o¢(m9) > 0. O

Lemma C.6 (The upper frontier). Assume (R1) and (R2), and let tg (&) = te(&) — 10(§).

(a) tg is continuous and strictly decreasing on (&, 00), with tg(§) — te as § | & and ty(§) — tg
as & — 0o. Its inverse defines xc(t) = &(t) — ANt on (tg, ts), with xg.(t) — 0o ast |ty and
THe(ts) = Tm(ts).

(b) xpe is continuously differentiable and fast: tr. < —AN.

(c) Fort € (tp,ts), GF(x,t) >0 if v > 2h.(t), GF(xpc(t),t) =0, and GF (2,t) <0 if v < 2g.(t)
and x + ANt > &,.

(d) If also (R3) holds, then x.(t) > xm(t) on (tg,ts), and every line & > &, lies above the myopic

curve between its frontier point and t,.

Proof. Continuity. The exit point depends continuously on &£ (Lemma C.2) and T'¢(7) is jointly

continuous; at the zero, d%(e”Q) = —re'To¢(19) < 0, so the zero moves continuously.

Monotonicity. Let v(&,t) = GF (€ — ANt t). At (&,tg(€)), the derivative along the line is
v =rGF + 1Sy =rS; > 0 (Lemma C.5). The derivative across lines is 7¢ = GL. Differentiating
(6.11) in log odds x at fixed ¢, with 7,, > 0,

x

.
GE =re®I, — rrze T S1(Pe), I = / e_A“@l(t + u) du,
0

and at a zero re®; = rs(1—e" "), s0 G = rs(1—e7") —r7,e "S5 (P.) > 0 because S1(P.) < 0.
Hence dtg/d§ = —v¢ /v < 0, and along the frontier dxp./dt = d§/dtg — AN < —AN; this is (b).

Limits. For fixed t > tp, T — 0o as & — co and GI'/e® — 7 [7° e 24O (t+u) du = r¢' (p(t)) > 0
by (B.2); so points with large = lie above the frontier, which forces ¢t () — tg. At the onset exit
£ =&, 06,(0) = S1(xm(ts), ts) = 0 and, using €01 = rs and " O] = s(r + AK + n) XA (p«),

¢, (0) = " (0] = ANO1) = sA[(r + AK + 1) Am(ps) — N7| >0

by (R1). By continuity, for £ near &, o¢(v) > 0¢(0) + kov on a fixed interval with ky > 0 and
0¢(0) <0, 0¢(0) = 0; by (C.8), I'¢ becomes negative before 7 = —40¢(0)/ko — 0. Hence 79(§) — 0
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and tg(§) — t«. (If the inequality in (R1) is reversed, the zeros do not converge to the onset point,

and the frontier detaches from the arc.)

(c) Let t € (tg,ts) and let & = = + ANt be the line through (x,t). Because ¢y is decreasing,
tn(§) <tif x> zp(t), and tg(§) >t if 2 < zp.(t) and € > &. In the first case t € (tg(£),1e(€)),
where G > 0; in the second ¢ € (tg,ty(£)), where G¥ < 0; both by Lemma C.5.

(d) Let z,.(t) = & — ANt be the full-effort line through the onset point. Going backward from
t«, the myopic curve rises at rate AA,, < AN on (ty,, t), SO Tx > Ty, there, and T, > z,, on (t,ts)
by the definition of p.; in particular t. < ¢,,, because tg < t,, (Lemma B.2). A line £ > &, lies
above Z,, hence above the myopic curve on (max{t.,tg},t). If it crosses the myopic curve at an
earlier time ty € (tg,t.) (going backward, for the first time), the crossing point is a point of the
myopic curve with quality in (Ex, p.) whose full-effort path exits at P.(£); by (R3), G¥ < 0 there,
so 10(§) < te — tx and the frontier point comes before the crossing. In all cases the frontier point

and the segment from it to t, lie above the myopic curve. O

Lemma C.7 (Interior effort in the low-quality band). Assume (R1)—(R3). Fort € (tg,t.), write
e for xpe(t) and let N(x,t) = rs(x—xp.)—Op(t)(e” —eHe)+ NKm(x e, t). Then on (xm,(t), 2.

N 1

THc
= g =1- Km0 /x Si(y,t) dy (C.9)

is continuous and strictly increasing, a(zpg.) = 1, and « has a unique zero xp.(t) € (xm(t), THc).
In addition, Sy(xr.(t),t) > 0; x1. is continuous and strictly decreasing, with xr.(t) — oo ast | tg
and xrc(ts) = T (ts).

Proof. Multiplied by AKm, the two sides of the second equality in (C.9) are N and AK'm — [7#¢ Sy;
both equal AKm(x ., t) at xg., and both have derivative Sp = AK'm, +.S1 in x, which proves it. By
Lemma C.5, S1(xge,t) > 0; if ©1(¢) > 0 then Si(-, ) is decreasing, and otherwise S > 0 everywhere;
either way S1(y,t) > 0 for y < xp., so Z(x) = [ S} is positive and decreasing on x < xp.. Since
p(t) > Ex > q, m(-,t) is increasing and positive above z,,(t), so a, = (Sym + Imyz)/(AKm?2) > 0
there, and « is strictly increasing. As z | 2, (t), m — 07 and Z > 0, so @ — —oo; hence the unique
zero. At the zero, N' = 0 gives a, = Ny /(AKm) = So/(AKm), so So(xL.,t) > 0. Differentiating
N(zLe(t),t) =0,

ON = —ipe S1(xpe, t) + Op(t) (€77 — e7) + AKe™Hegn(1 — p) > 0,

because Zp. < 0, S1(xg.) > 0 and = < zp,; therefore 2. = —ON /Sy < 0. Ast | tg, ©1(t) <0
and zg. — 00, so Z(x) > rs(xg. — x) — oo for fixed x, hence x < x.(t) eventually. At t, both

frontiers equal , (tx). O

Value in the band. For t € (tg,t.) and zr.(t) < x < zp(t) put W = & + x¢(t) with xc(t) =
WE(zpe(t),t) — ®(zpc(t), t). Since WL = @, at the frontier (Lemma C.6(c) and Lemma C.3), xi =
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W} — @, there, and (6.4) with a = 1 for W gives x, —rxc = Krm(xpe) — (1/A)(rszge. — ©pe™e).
By (B.4), W then satisfies (6.4) with a = a from (C.9), and G = 0 in the band.

Lemma C.8 (Frontiers near certainty). Assume (R1)—(R3). Put

MK (gEN — s)> -0,

A
co=g(1-7-),  de=con1-En).  wp—log(1+ 2500

Ly

As p | En, the low-quality frontiers satisfy

)~ ) — 2ie(t(9)) — wre(t(p)) — wi, (C.10)
E
c cpeVE
1 —pu(p) ~ ?E(P—EN), 1—pr(p) ~ =—(p— En).

In particular the width of the band in log odds remains bounded, including as it reaches the known-state

edge.

Proof. By (B.2), the infinite-horizon integral of ©1 along a full-effort characteristic is ¢'(p) =
ce(p — En). Subtracting its tail in (6.11), with z = €%, z. = e, and p. = p(t.), gives the exact
identity
GF(z,t _
CBD _ g1(0) — s+ [s — ' (00)].
On the upper frontier G = 0 and zg. — oo as t | tg. Thus the characteristic label and its exit
time tend to infinity, 7 — oo, and z. tends to the finite full-quality upper-frontier odds. The last
term tends to zero, proving the first limit in (C.10).
The edge identity also gives O1(tg) = —cgn(l — Ex) = —dg. Write w = xg. — xr. > 0 and
zp, = e”Le. The lower-frontier identity from (C.9), divided by zp, is
AK [gp —s— S} = O1(t)(e” —1).
Z, Z7,
Near tg, —01(t) > dg/2, so boundedness of the left side first bounds w. Since z;, — oo, passing to
the limit gives eV — 1+ AK(gEN — s)/dg. Away from tg, continuity of both frontiers and their
common limit at ¢, give a global bound on the width. Finally 1 — expitz ~ e~ as  — oo, which

yields the belief-frontier asymptotics. O

C.5 The waiting region

For x > x4 let T'(x) be the first time at which the waiting path of constant x meets the boundary
of the waiting region: T'(z) = 27} (z) if 2 > zm(t.), T(x) = 2,1 (2) if 2 (tp) < @ < 2 (L), and
T(z) = a; ' (z) if 2 < & <z (tp). Set T(x) = oo for x < 24. The waiting region is {t < T'(z)},
and there

W(z,t) = e " T@DW (2, T(2)), W =0if x < xy. (C.11)
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Lemma C.9 (Waiting region). Assume (R1)~(R3). In the waiting region, Wy(z,t) =
e*T(T*t)w(x,T(ac)) with w = enxe® +rm/\ evaluated at the entry point, Wy = rW, and

T(x)
G(z,t) = —7’/ e Sy (2, u) du < 0.
t

Proof. Let W(x) = W (x,T(z)) be the value at the entry point. Differentiating (C.11), W, =
e "I [W'(2) — rT'(x)W (z)]. If the entry point lies on a lower band frontier, W' = W, + T'W;
with W — Wy = a(NG — Krm) = 0 there, because a = 0; so Wy(z,t) = e "I OW, (2, T) =
e "Iy, If it lies on the arc, W = Wi o T with T/ = 1/i,, = —1/(AA,,), and (C.4) gives
W' —rT'W = T'(W.,. — mWare) = ene® = w. In both cases W, = e "7y, and W; = rW by
(C.11). Then G = rm(z,t) + Aene® — e " TV [rm 4 Aene®](x, T), which equals the stated integral
because %{e‘r(“_t) [rm + dene®](z,u)} = e 7@ Dr[my — rm — dene®] = e 7018y, For z < x
the same formula holds with 7" = oco. Finally So(x,u) > So(z,T(z)) > 0 for u < T'(x), because O
is strictly increasing and Sy > 0 at every entry point: So(zr.) > 0 (Lemma C.7), So(xm(t),t) >0

for t <tp by (C.1), So(xr) =0, and Sp(x,00) > 0 for = < xy. O

C.6 Regularity of the value

Lemma C.10 (Regularity). Assume (R1)—(R3), and let W be defined by (C.3)~(C.11) in the
respective regions. Then W is continuous on R x [0, 00), continuously differentiable on R x (0, 00),
and |W(z,t)| < C(1 + €%). The value v = s + (1 — p)W extends continuously to [0,1]2, with

v(1, p) = u(p) and v(p,1) = s+ (1 — p) W (logit p), where W, = W (-, 00) is the stationary value at
full quality.

Proof. Inside each region W is continuously differentiable by the explicit formulas. Across each
interface, W is continuous by construction, and W, is continuous because the private gain vanishes
on both sides: at the lower frontiers z. and z; by Lemma C.9; at the band frontiers zg. and z g
because G = 0 there and G = 0 in the bands; and on the arc because W, = exe® from below
(Lemma C.9) and from above (Lemma C.3, with 7 — 0). On every interface the one-sided limits of
a(NG — Krm) agree, because G = 0 there and the action is continuous across the interface or, on
the arc, m = 0; so W; = rW — a(NG — Krm) is continuous as well. At the onset and tip points
every one-sided limit of W, is eye® and every one-sided limit of W is vW, since G = m = 0
there. At t = tg the waiting region contains a neighborhood of every point with finite x, because
Tre(t) > oc0ast]tp.

For the bound, use the formulas directly: |[W¥| < C(1 4 ¢*) by (C.5), since We is bounded on
&; in the high-quality band x lies in a bounded interval and xp is bounded; in the low-quality band
W =WF(zge,t) - [iHe @, and the width x5 — 21 is bounded by Lemma C.8; and in the waiting

region |W| is at most its value at the entry point, which has the same z.
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The edge p = 1. Put

(1) = en + 1 [gp(t) = 5.

r(g—s)+ ANex  rg[l - p(t)]
A Ly

ul(t) =

The first expression is u(p(t)) — s on the active branch of (3.3), and the second is the coefficient of
e? in ®,; the first claim holds because rg/A —rg/Lx = nrg/(ALy). Splitting the integral in (C.5)

into its infinite-horizon value and its tail gives
WE (z,t) = e®ul(t) — s + e [We(te) — e"ul (te) + s].

The bracket is bounded uniformly over exit points, so W¥ = e®u!(t) + O(1) uniformly throughout
the full-effort region. Consequently (1 — p)W¥ — u(p) — s uniformly as p — 1, including along
sequences with ¢t — tg or t — .

In the low-quality band, W (z,t) = W (xge,t) — [T7¢ @, (y, t) dy with @, (y,t) = e¥®L(t) —rs/\.

T

Thus, with § = xg. — x,
(1=p)W(z,t) = ®u' (t) — (" = ' (t) + O(e™™),

uniformly because 0 < § < xj. — xr. is bounded by Lemma C.8. A sequence in this band with
x — oo has t — tg. Known-state indifference gives u'(tg) = ®!(tg) = u(Ey) — s, so the displayed
expression converges to u(Ey)— s throughout the band. In the waiting region, T'(x) — tg as * — oo,
and (C.11) then gives the limiting surplus e "(®==Yen (1 — Ex)~? = en(1 — p)~#. These estimates
prove joint continuity at p = 1. At p = 1 and finite x, 1, x5 and yr converge to their stationary
values; the same formulas in each region and their matching boundary values give continuity there.
At p =0, v = s throughout a neighborhood of the edge. O

C.7 Proof of Theorem 2

By Lemma B.2, ¢ < Ex < ps« < pp < 1. Define a(z,t) as in Table 1: zero in the waiting region, «
in the bands, one in the full-effort regions, and A,,/N on the arc. For each t, a is nondecreasing in
x: it is zero below the lower frontier, increasing in the bands (Lemma C.1(c), Lemma C.7), and
one above the upper frontier. Its only discontinuity in x is at z,,(t) for t € [t.,tp], where m =0
and G = 0. By Lemma C.10 and the region-by-region verification of (6.4), with the signs of G
established in Sections C.1 to C.5, the hypotheses of Theorem 4 hold; at p = 1 the stationary
versions hold by the same lemmas at t = co. Hence a* is a symmetric Markov perfect equilibrium
with value v = s+ (1 — p)W.

Part (a): the frontiers are p;, = expitxr., pg = expitzy. on (Ey,p«), the myopic curve
on [p«, ppl, and L, expitxy on (ppg,1]; continuity at p, and pp and monotonicity follow from
Lemmas C.1, C.6 and C.7, and pg (1) = py < ¢ because yg < y,. Part (b): monotonicity and the
location of the jump were shown above. Off the closed arc a* is jointly continuous: the frontiers

ZLey THe, € and zy are continuous; the band efforts (6.10) and (C.9) are jointly continuous and
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tend to 0 and 1 at the lower and upper frontiers of their bands; xr.,xg. = cc ast | tg, so a* =0
near every point (z,tg); and zr, xy and the band effort converge to their stationary values as
t — oo. Part (c) is Lemma C.10 together with the signs of G; for p < ¢ players choose zero effort
forever, belief remains fixed while quality recovers, and W = 0. Part (d): on the arc gpp = s, so

each player’s flow is s, and A,, does not involve N. O

D The conditions: proof of Proposition 2

D.1 Condition (R1)

From (4.1), px —q=n(pp — q)/(n+ AK) and 1 — p. = [n(1 — pp) + AK (1 — q)]/(n + AK), so

n(1—pp) + AK(1—q) g li—d

> K.
Mps —q) pB —q

Am(ps) =
Hence (r+AK +n)Ap(ps) —Nr > (r+ AK +n)K — (K +1)r = K(AK +n) —r, which is nonnegative
if r < K(AK +n). Lemma C.6 shows the role of (R1): sA[(r + AK 4 1) A, (p«) — Nr] is the rate at
which the source 57 rises along the full-effort path traced backward from the onset point; if this
rate is negative, the zeros of the full-effort gain stay away from the onset and the upper frontier of

the low-quality band detaches from the sliding arc.

D.2 Condition (R2)

By Lemma C.1(d), (R2) is equivalent to £y > —AN on (tp,00). Write ey = e¥# — 1. Since
eV —1—y<eV—1,(6.9) gives A\Ke¥H¥m > \K — reg, so

1 _

U > rey P\N - np(pp)} + )\(N — Am)()\K — 7"6H) = —Te€g Ym + )\QK(N — Am),
— Pe

where 9, = &m — 21 = 1(1 — p)(pe — q)/1(p — pe)(p — q)] by (C.2). Since yg < ym, (C.2) gives

ren <n(p—pp)/(p— q). Using A(N — Ap) = (AN +n0)(p — pm)/(p — q), ¥ > 0 follows from

p—pB pe —q
(1= p) LLE PO\ KON £ ) (p— ).
p—pe p—q
Both fractions on the left are below one because ¢ < po < pp < p. It therefore suffices that
n?(1 — p) < AK(AN +1)(p — pm) for p > pp, and since the left side decreases and the right side
increases in p, that this holds at pg. Using (AN +7)(1 — p,) = AN(1 — q), the condition at pp

reads
eN )\QKN(l —q)

— =1- < .

nh PE=3KOWN + 1) + 172
By Lemma B.2, ex/(nh) < A(1 — q)/Ly, so it suffices that AK (AN +n) + n?> < AK N Ly, which
simplifies to n* < AK[Nr + K(AN +n)]. If n < AK, then n* < AKn < AK - K(AN + 7).
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D.3 Condition (R3)

Lemma D.1 (Closed form for (R3)). Let t € (tg,t.), pt = p(t), and let the full-effort line through
(xm(t),t) exit £ at te, with T =1t —t and D = xp,(t) — ANT — 21 (te) < 0 (D =0 for an exit on
the arc). Then

AJ(t)
Pt —(

Gz (t),t) = —rs[ —e (1 - eD)}, J(t) = /OT e MYy — pe) du,

with p: = q+en/g, and J(t) = (1 — pe) 1_61\7]:NT —(1- pt)%. Thus (R3) holds if and only if
M/ (pr — q) > e "7 (1 —eP) for every t € (tg,t.).

Proof. Write ©1 = An(gp — s) — %(gp) — Agp — s — en) along u > pyiy, using r + AK = Ay — A
and %gp = gn(l — p). Then

/0 e ANtE du = (gpt — s) — G_ANT(QPHT —5) = AgJ(t).

(t)e—)\NT( D

Gprer — 5) = se
because the line is at log-odds distance D from the myopic curve at t,. Since e*() = ¢/(p; — q)
and g/s = 1/q, (6.11) gives the formula. O

Multiply by re*=(®): on the myopic curve e*»®)(gp, — s) = s, and e*m

Proof of part (c). Let F(t) = AN(tp —t) — log %. Then F'(t) = M(Am(pt) — N) > 0 on
(tg,tm), which is nonempty because En < p,, (Lemma B.2), and (R3a) states F(tg) > 0. Hence
F > 0on (tg,ty): the full-effort line through every myopic point with ¢ € (tg,t,,) is below the
myopic curve at tp. Since t. < t,, (proof of Lemma C.6(d)) and the distance between the myopic
curve and the full-effort line through the onset point decreases on (tg,t,,), every myopic point with
t < t. lies on a line £ > &,. That line is above £ at ¢, and below it at g, so by Lemma C.2 its
unique exit lies on the arc, and D = 0. By Lemma D.1, (R3) then reduces to J(t) > 0 on (tg,t.). If

(1 —En)? < A/(A+7), then p. < Ey: indeed, by (3.1)(3.2),

pe—aq _ en/g _  r(1—En)°
Exy—q Ey—q MN1-(1-EN)?

and the integrand of J is positive. Otherwise let k(t) = [/ e *¥%(p, — p.)du. The second
alternative of (R3b) states exactly k(tg) > 0, which requires p. < p.. Since k(tx) = 0 and
E'(t) = —e=ANt(py — p.) is positive before t. = —n~log(1 — p.) and negative after, k > 0 on (tg, t,).
Finally e ™t J(t) = k(t) + s e MNU(p, — p.)du > 0, because p, > px > pe for u > t,. O

D.4 Large groups (part (d))

Fix the other primitives and let N — oo. By (3.1), Ex —q = n(1—q)/(AN?) +0o(N~2), and by (3.2),
ey = Cg/N? + o(N~?) with Cg = rnh(1 — ¢)"*P/{A[1 — (1 — ¢)?]}; hence 1 — pg = O(N~2) and
px —q=n(1—¢q)/(AN) +o(N~1). Eventually r < K(AK +n) and n < AK, so (R1) and (R2) hold.
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In (R3a), the left side is 2log NV + O(1) and the right side is (AN/n)[2log N + O(1)], so (R3a) holds.
For (R3b), 1 — (1 —p:)/(1— En) = O(N72). With 7 = t. —tp = 'log =28 = 1/(AN) +o(N ),
ki =Ax7T—1and ko = LnT = k1 +n7,

_ 1 1 2y _ n -1
M(T)—kzm—l—(l{g—kl){k—l—ekl_1]+O((k2—k1))—1—/\—N(1—€_1)+0(N ),
so 1 — M(7) is of order 1/N and (R3b) holds for large N. O

D.5 Rates of convergence

Lemma D.2 (Threshold and learning rates). For each N for which Condition 1 holds (all sufficiently
large N, by Proposition 2(d)), consider the equilibrium of Theorem 2, and let poo N be the limiting
posterior without a discovery, Py the probability of a discovery, and Iy total effort on the no-
discovery path. Write Poo(p) = (p — q)+/(1 — q) and I (p) = [logit p — logit g|+ /\. For every initial
quality and 0 < p < 1,

0 < min{p, ¢} — pooy < ¢ — I,

— ¢
0< Py—Py(p) < TN

1—ly

1 EN
0<Iy—I.p) < ~log(1+—2 ).
<Iy (p)_/\og( +Th(1_q)>

The three bounds are O(N~2). The upper full-quality cutoff satisfies

_ s 9CF -5
CoPN ™ o2 —q)

Proof. By Theorem 3, poo v = min{p,¢n}, Py = (p—¥In)+/(1—¥n) and Iy = [logit p—logit {n]4 /.
The first two bounds follow by considering p < ¢, fny < p < g and p > ¢q. The positive-part map is

one-Lipschitz, and

. . e
, Ym,co = logit ¢ — logit /5 = log (1 + Th(lN_q)> 7

which proves the third bound and all three rates.

For the sharper rate of the upper full-quality cutoff, put yp o = logit pxy — logit £x;, the root of
(6.9) at full quality, and 0N = Ym,co — YH,c0- Equation (6.9) gives

r

l—e V=
¢ AN —1)

(eym"x’féN —1 = Ymoo + 5N) .

Since 0 < 0y < Ym.co = O(N72), the right side is O(N~?), hence 6y = O(N=°) and Sy /Ym0 — 0.
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Taylor expansion therefore yields

ry%n,oo ~ C%C -5
2AN  2X\rh2(1 — q)?

Sy ~

Finally pny = expit(logit ¢ — dx) and the derivative of inverse log odds at logit ¢ is ¢(1 — ¢). The
remaining threshold equivalents in Proposition 4(a) follow from the expansions in the proof of
Proposition 2(d). O

D.6 An exact certificate at the baseline

Lemma D.3 (Baseline conditions). The baseline primitives N =3, A\=n=s=1, h =2 and
r =1/5 satisfy (R1)—(R3).

Proof. The sufficient inequalities for (R1) and (R2) are immediate: r = 1/5 < 6 = K(AK + 1)
and 2 = 1 < 86/5 = AK[Nr + K(AN +n)]. To verify (R3) by part (c) of Proposition 2, put

w = (1 — Ey)Y/®. The known-state root equation becomes

10w®

470w% — 512w® — 210w +231 =0 =
v v W N T 11— 10w)

The polynomial is strictly positive at 8589/10000 and strictly negative at 859/1000, as can be
checked with integer arithmetic. Uniqueness of the known-state root places w between these rational
endpoints. The functions 1 —w® and 10w%/[21(11 — 10w)] are respectively decreasing and increasing

there. Substitution of the endpoints gives the convenient rational enclosures

532 _ . _ 534 9o 80 9 _ _1921
— — — <e —_— — —.
1000 ~ N ™ 1000’ 1000 = N ™ 1000 100 ~ 72 = 2000

Consequently (pp — q)/(En — q) < 15, whereas (1 — En)/(1 — pp) > 11. Since AN/n = 3, these
inequalities imply (R3a).
For (R3b), p. = q+en/2 < 27/50, so

Here p. = (14 pp)/3 > 49/75, and T = t, — tp satisfies

1-F 233/500 4
e’ = NS / > = > el/4

1—p, ~ 26/75 ~ 3

where the last inequality follows from e < 1/(1 —z) for 0 < < 1. Thus 7 > 1/4. The function

fO 67(16/5)u67u du

M(T
(7) foT e—(16/5)u Jq,
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logio (/) logio (/) logio (/)
[ (R1)~(R3) hold MMM (R2) and (R3) fail not computed --- r=(N—1)(A(N—1)+n)
(R3) fails Bl (R1) fails - n=AN-1)

Figure 14: Conditions (R1)—-(R3) across primitives (A = 1, ¢ = 0.5). White cells: all three numerical
checks pass. Grey cells: at least one fails, as the legend shows. In the pale cell at the top left of
each panel the high-quality band falls below the numerical resolution cutoff. The dotted vertical
line is 7 = A(IN — 1), to the left of which (R2) holds by Proposition 2(b), and the dashed curve is
r=(N—1)(A(IN —1) +n), below which (R1) holds by Proposition 2(a).

decreases in T, since it is the weighted mean of the decreasing function e™ over [0,77]. On [0,1/4],
Taylor’s bound gives e % < 1 —u +u?/2 < 1 — (7/8)u. Under the probability density proportional
to e~(16/5)% on this interval, the mean of u is at least e~*/°/8 > 1/40. Hence

313 115

M(r) < M(1/4) <1 — — =222 222
(1) < MQU/A4) <1 =505 = 350 < 117

This verifies the second alternative of (R3b) and hence (R3) on its entire required interval. O

D.7 A map of the conditions

Figure 14 samples the conditions on a 33 x 33 grid with /X € [0.05,20], »/A € [0.01,2] and ¢ = 0.5.
All three checks pass jointly in 76%, 89% and 97% of cells for N = 2, 3,5, respectively. These are
sampled inequalities; analytic guarantees come from Proposition 2. In every resolved cell with
7N < AN —1)and r < K(AK + n), all three checks pass. One cell per panel, at /A = 0.05 and
r/\ = 2, is unresolved: =40 and 1 — pp € [2.0,6.4] x 107, below the code’s band-resolution
cutoff of 10712

E Proofs for Section 5

E.1 Equilibrium paths and learning (Theorem 3(b) and (d))

Fix an initial state (zg,to) and follow the profile path of a*, which exists and is unique because a*

is an equilibrium in the sense of Definition 1 (Theorem 2); in this appendix we call it the trajectory.
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Barriers. Let ((t) be a lower band frontier (zr. or ). Both are decreasing and effort vanishes
on them, so for a trajectory in the band, %(x —-¢) — —( > 0asz | ¢ a trajectory in a band
never crosses its lower frontier. The upper frontier of the high-quality band satisfies £ > —AN
by (R2), while # = —ANa — —AN as z T xp; hence %(CL‘H — ) — &y + AN > 0 near the frontier,
so trajectories in that band never reach it either, and the band is invariant. The upper frontier of
the low-quality band is fast, £7. < —AN, so %(ch —1z) <ipg.+ AN < 0 along a trajectory in the
band: the trajectory leaves the band through z . into the full-effort region, unless the band closes

first at the onset point, in which case the trajectory reaches the arc.

Order of phases (d). A waiting trajectory keeps z fixed until T'(zg), at which it enters the
low-quality band, the arc or the high-quality band, according to the definition of 7'(z) in Section C.5.
From the low-quality band it moves to the full-effort region or to the onset point. From the full-effort
region it moves along a line to its exit on £ (Lemma C.2), that is, to the arc or to the high-quality
band. On the arc it slides until ¢t and then enters the high-quality band, which is invariant. No

other transitions occur.

Convergence, part (b). If xo < x4 the trajectory waits forever. Otherwise it reaches the high-
quality band at a finite time (if pg = 1, it enters the stationary band immediately or after a phase
of full effort), after which xr(t) < x(t) < xg(t). The trajectory is nonincreasing and bounded
below by x4, so it converges to some xo, > xy. If 2o > xy, then, since z1(t) — x4, eventually
y=ax—xr >0 > 0and (6.10) gives effort at least 7(e? —1—8)/(AK) > 0, so 2 — —o0, a contradiction.
Hence o, = x4 and poo = . Total effort is [ A* = (x9 — )/, and the probability of a discovery
is po(1 — Qoo) = po(l — e*>"%0) = (pg — €n) /(1 — £x). Since x(t) > x1(t) > x; for every t (at p =1,
y ~ —ANry?/[2AK (1 — e7¥™)] near y = 0, so y stays positive), [2° A* = (z(T) — z¢)/A > 0 for
every 1. O

E.2 The tail of discovery (Remark 1)

By the argument in Section E.1, an unsuccessful path with £y < pg < 1 enters the high-quality
band after a finite time; here ¢ is calendar time. Write z;, = logit {n, §(t) = logitps — x¢ > 0
and yr (t) = logit L(p;) — xy. If initial quality is below one, (6.7) and 1 — p; = (1 — pg)e " give
yr(t) = O(e™) and ym(pt) = Ym,co + O(e™™); at full quality both differences vanish identically.
The distance inside the band is y(t) = §(t) — yr(¢) € (0,3(¢)]. Once § is small, the denominator in
(6.10) is bounded away from zero, and e¥ — 1 —y < Cy? for a constant C. Therefore

0 < —g(t) = ANa(ps, pr) < C'(t)%.

Integrating gives 4(t) > 1/(C't + C") for large t, so yr(t)/4(t) — 0. Substituting in (6.10) now

yields .
—j(t) Nro
§0? 2K ey Y
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Since (1/9) = —ij/9?, integration gives §(t) ~ 1/(cnt), and hence p; — y ~ £y(1 — €x)/(cnt). By

Bayes’ rule, the probability that a discovery occurs after t is exactly

(1 —po)(pt — In)

Pt <7< o0)= A= p)(1—ty)’

the probability (1 —pg)/(1 — pt) of no discovery by ¢ times the probability (p; —¢n)/(1 —€n) of a
later discovery; this proves (5.2). Dividing by the positive probability of an eventual discovery and

integrating the conditional survival function, whose tail is of order 1/t, gives E[7 | 7 < o0] = 00. O

E.3 Distortions (Theorem 3(a) and (c))

Part (a). For p € (En,Ry) and p > pu(p), Theorem 2 gives full effort (also on [p., pp], where
pr = q/p and the arc is excluded), and at p = 1 the known-state equilibrium uses full effort because

p > En. By Theorem 1, the planner waits at every belief when p < Ry.

Part (c), first claim. For p < £y, logit p < xy, so the equilibrium never experiments from (p, p).
The planner’s frontier p? is continuous and decreasing with p”’(1) = pX < p, so p > pP’(p) for all p

above some p(p) < 1, and there the planner uses full effort.

Part (c), second claim. For pﬁ < po < 1, both no-discovery effort integrals are finite; subtract
(5.1) from (3.6). At po = 1 both integrals are infinite, which is why the statement concerns uncertain

priors. O

E.4 Welfare (Proposition 3)

Let A} be equilibrium aggregate effort along the no-discovery trajectory, a measurable function of
time (on the arc, A} = A,,(pt)). Consider the planner’s policy that uses A until the first opportunity
and the efficient known-state policy afterward. The planner’s objective is the average payoff, which
depends on effort only through the aggregate; before the first opportunity this policy and the
equilibrium induce the same distribution of the first opportunity and the same average flow payoffs,
and after it the planner obtains s+ Dy instead of s+ey. Hence V' > v* +Ele™" "1, oo} /(DN —en),
with Dy > en by Section A.1. If p > ¢y or p = 1, a discovery occurs with positive probability,
so V > v If p§ < p < ly, then v* = s < V by Theorem 2(c) and Section A.5. If p < pk, then
V=s=0v" O

E.5 Many players (Proposition 4)

(a) The asymptotics of ey and Ex were derived in the proof of Proposition 2(d); the sharper
rates for learning and for the upper full-quality cutoff are established in Lemma D.2. These give
pp=1—en/(nh) = 1, p. — q and £y — rs/(Arh) = q. Since ¢y < py < ¢, also py — ¢. (b) is
Proposition 2(d). (c) A compact set C as stated has qualities in some [p1, p2] C (g, 1); for N large,
p« < p1 and p2 < pp, and on [py, pp] the equilibrium is the switch at the myopic curve with sliding
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effort A,,. (d) follows from Theorem 3, Theorem 1 and Lemma A.2. O

F Equilibria in deterministic schedules

This appendix shows that equilibria in deterministic schedules exist for all primitives. From a given
initial state, players commit to deterministic effort schedules until the first opportunity and use the
known-state equilibrium afterward. After a deviation in effort, opponents continue their schedules.
Such profiles are Nash equilibria from the initial state. The schedules are functions of calendar
time rather than of the state, and they need not be optimal after off-path histories, so they are not

Markov perfect equilibria in the sense of Definition 1.

F.1 Survival representation

For a schedule a; let y;(t) = exp(—A fé ai), @ =11, yj, Q—i =l y; and p(t) =1 — (1 — po)e M.
Every schedule corresponds to a path in

Y ={y: y(0) =1, y locally absolutely continuous, —Ay <y’ <0 a.e.}.

For 0 < pg < 1, put b(t) = gp(t) — s, ¢ = rs(1 —po)/po and v—; = Q" ;b + Q_i(gp’ — rb — Xen).
Splitting payoffs at the first opportunity and integrating by parts, as in Lemma A.1, gives

J? —S—po[é’N—l— ~b(0 rpo/ _”t{y t) + clogy;(t)} dt, (F.1)

which is strictly concave in y;.

Theorem 5 (Nash equilibrium in schedules). For all primitives and every initial state, there is a
pure symmetric Nash equilibrium in which players follow a common deterministic schedule until
the first opportunity and the known-state equilibrium afterward. It is optimal against every adapted

unilateral deviation from the initial state.

Proof. Fix § > 0 and the Banach space Xj of continuous f with e % f(t) — 0 and norm
sup, e~ %|f(t)|. The set ) is nonempty, convex and compact in Xs: its elements satisfy e M <y < 1
and |y'| < A, so a diagonal argument and the common Lipschitz bound give uniform convergence
on compacts, the weighted norm controls the tails, and the differential inequalities pass to limits.
The payoff (F.1) is jointly continuous on YV: the only delicate term, [e~"'Q’ ;by;, converges
because )—;,, — @—; locally uniformly with derivatives bounded by AK, which implies weak-star
convergence of those derivatives against every L! test function. The varying factor e "tby; ,, con-
verges in L' by local uniform convergence and the common discounted tail bound, so this term
converges as well. The logarithmic term is controlled by |logy| < At. Strict concavity gives a unique
best response, which is continuous in the opponents’ paths by compactness and uniqueness. The

map y — (best response to N — 1 copies of y) is a continuous self-map of a nonempty compact
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convex subset of a Banach space, so it has a fixed point by Schauder’s theorem (Schauder, 1930).
Conditional on independent randomization, a unilateral adapted deviation specifies one schedule
before discovery, which the fixed point beats, and after discovery the known-state equilibrium is
optimal. At py € {0,1} the result is immediate. O

Theorem 6 (Learning in schedule equilibria). In every Nash equilibrium in deterministic schedules
with the known-state continuation, including asymmetric ones, and for every uncertain prior,
Poo = min{po,{n}, total effort is [logit pg — logit {n]+ /N, and the probability of a discovery is
(po —¢n)+ /(L —LN). If po > €N and po < 1, effort is positive at arbitrarily late dates.

Proof. Every no-discovery tail is a Nash equilibrium against the remaining schedules: a profitable
tail deviation could be spliced in on the positive-probability event of no discovery. For T' > 0, let
J& be player i’s continuation payoff at date T' conditional on no opportunity before T', and let
St(t) = (1 —pr)/(1 — p) be the conditional probability of no opportunity in [T',¢). A player can
always secure at least s by using zero effort and taking the prescribed continuation if opponents

discover, so J& > s. Summing the tail payoffs therefore gives

Z(JZZ“ —s) = / e "D S () Ad{Api(rhpy + Ney) — rs}dt > 0.

i T

Put pa = rs/[A(rh+ Nen)]. If pr < pa, the integrand is nonpositive thereafter, and positive total
effort would strictly lower the posterior and make the integral negative. Thus effort stops once that
bound is reached. Bayes’ rule now implies finite total effort and @) > 0; otherwise the posterior
would fall below ps > 0.

Each player’s tail surplus is at most (rg + Xen) [5~ A, which tends to zero. If p > ly, at
sufficiently late dates a short burst of full effort has strictly positive net coefficient Ap(rhp+en) —rs
throughout the burst. Its duration can be chosen fixed and small enough to preserve this strict
inequality, since the remaining opponents’ total effort tends to zero and p — 1. Using zero effort

afterward yields a surplus bounded below by a positive constant, a contradiction. Hence po < £n.
For the reverse inequality define the marginal tail return

M) = [T ) + ol du

A bounded variation da; changes the payoff to first order by —rpy [~ e " M;(t)da;(t) dt. Conse-
quently M; > 0 forces a; = 0, and M; < 0 forces a; = 1, almost everywhere. The function M; is
continuous. Since all survival paths converge and their remaining total variation tends to zero,
dominated convergence in the nonderivative terms, together with [ |Q" ;| — 0, gives

Mi(t) — Qoo {;—g—m}-

50 r

If poo < £, this limit is positive for every player; all effort is therefore zero after some finite date.
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If total effort were positive, let T' > 0 be the essential supremum of its support. After T every y; is

constant. Integrating the quality-recovery term explicitly then gives, for every i,

s Aen

Mi(T) = Qoo | — — gp(T) — —
(0.]

Continuity and the finiteness of the player set imply zero effort on a common interval just before T',

contradicting its definition. Thus positive total effort entails p,, = £p; if there is no effort, po, = po.

Combined with the upper bound, these observations give po, = min{po, ¢y }.

If po > ¢n and pp < 1, a finite last date of effort would instead give M;(T") = Qocg[l — p(T)] > 0,
with the same contradiction. Effort consequently has support at arbitrarily late dates. The formulas

for total effort and discovery probability follow from Bayes’ rule. O

At full quality the schedule equilibrium is explicit: for fx < pg < 1 all players use full effort
until Ty = [logit pg — logit £5]/(AN) and stop; this is the unique schedule equilibrium, even among
asymmetric ones (the marginal-return integrand ¢ — [r(g — s) + Aen]@ — AA_;(g — $)Q is negative
before the posterior reaches ¢x). It reaches ¢ in finite time, whereas the Markov perfect equilibrium
approaches £y only asymptotically through the band of Theorem 2. Both have the same total
effort, but the schedule equilibrium gives every player a strictly higher payoff. Indeed, in terms of
cumulative aggregate effort X, with ¢(X) the date at which it is reached, each player’s surplus in a

symmetric profile at full quality is

X
< —rt(X) x(rlg—s) _ rs(1 —po)
/0 e {poe ( N + )\eN) — N } dX,
whose bracket is positive up to X, (where it equals pgQooXen(N — 1)/N); capacity implies
t(X) > X/N, with equality only under full effort. At the baseline with py = 0.7 the two payoffs are
1.04590 and 1.04406. Markov perfection thus slows experimentation at full quality: in the band of
interior effort every player is indifferent, and aggregate effort is only as high as indifference allows,

as in the symmetric equilibrium of Keller et al. (2005).

G Computation and numerical verification

The Python package expmpe and script run_all.py rebuild every figure and table from the formulas
and differential equations of Sections A and C, using NumPy, SciPy and Matplotlib. The README
describes reproduction, modules and cached outputs. Two standard-library scripts check the
exact rational inequalities of Lemma D.3 and, in 80-digit arithmetic, the asymptotic constants of
Lemma D.2. Only the check in Section G.2 uses a discretized game. Table 2 reports the baseline

quantities.
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Table 2: Baseline primitives and derived quantities

Primitives

Known state

N’ A? h7 87 "77 T

q=s/(Ah), B=r/n

equilibrium’s known-state threshold Ey, surplus ey
planner’s known-state threshold Ry, surplus Dy

3,1,2 1, 1, 0.2
0.500, 0.200
0.5326, 0.0793
0.7238, 0.1017

Equilibrium  onset and end of sliding p., pp 0.6535, 0.9604
Pm (where A, = N), p. 0.6250, 0.5992
sliding effort at onset and end, A,,(p«), Am(pB) 2.2584, 0.0861
individual abandonment belief ¢y, upper full-quality cutoff p5y  0.4173, 0.4985
Planner planner’s abandonment belief p&; 0.2837
junction (pf, p) (0.8422, 0.6130)
Conditions (R1): (r+ AK +n)Am(ps) — Nr 6.627
(R2): sampled min, ¥(p)/(A2KN) 0.971
(R3): sampled min, [\J/(p — q) — e (1 — eP)] 0.100

G.1 Computing the equilibrium

Edges and full effort. Brent’s method gives En and Ry from (3.1) and (3.4). Full-effort exit times
solve £ — ANt — z¢(t) = 0; other edge quantities and full-effort values follow their closed forms.

High-quality band and arc. On a quality-clock grid clustered geometrically near tp, Brent’s
method gives yg from (6.9), and adaptive quadrature gives xp from (C.3) after subtracting the
limit of . Both use monotone cubic interpolation in log(t — tg). Equation (C.4) is integrated

backward from tp to t, by eighth-order Runge-Kutta with relative tolerance 10712

Low-quality band. For exits parametrized along the arc and the upper frontier of the high-quality
band, Brent’s method finds the first zero 7 of o¢ and then the zero 79 > 71 of I'e (Lemma C.5),
giving (tg,zg.) and, by value matching, yc. Interpolation in log(t — tg) resolves xpg. — 00 as
t | tg; the lower frontier solves A/ = 0. Strict monotonicity of ¢g is checked on the grid, which stops
at tg —tgp ~ 4.95 x 10710 in the baseline. Requests above its resolved belief range are flagged as

unresolved; all reported diagnostics lie within that range.

Waiting and paths. Waiting values use (C.11); no-discovery paths use backward Euler on the
completed graph of a*:

Tht1 € Tp — ANA [a" (Tpq1—, trg1), " (Tpg1+, togr)]-

Monotonicity gives a unique solution, found by bisection: ordinary implicit Euler at continuity

points, and effective sliding effort on the arc.

Planner. Closed-form frontiers and survival paths use Brent’s method for 7} and the largest

root of (A.6); the value (A.2) uses adaptive quadrature.

G.2 An independent check: best responses on a grid

We compute a player’s best response by dynamic programming against the constructed opponents’

feedback on a finite grid. Time and log odds have the same step A. Opponents’ feedback is held at its
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current-state value within each step, so A also plays the role of the update interval of Proposition 6,
and the continuation value is linearly interpolated. At each node the deviator maximizes over
the full interval of own efforts [0, 1]: the one-step objective is piecewise affine, so its maximum is
attained at an endpoint or at a control that sends the next state to an interpolation node. The
implementation checks every such control. The terminal quality clock is max{tp + 12/n,14/n}; its
continuation value is the constructed value. Policy evaluation uses the same state grid and terminal

condition.

Table 3 reports maxima over sampled beliefs approximately in [0.076,0.99988] and eleven quality
slices between 0.3 and 0.99. The grid best-response gain and the difference between the evaluated and
constructed values decrease approximately linearly over the five reported mesh sizes. Proposition 6
concerns the sampled game with a continuous state and gives no rate, and it does not cover the

errors from the state interpolation or from the terminal approximation used here.

Table 3: Numerical verification at the baseline
Grid best responses (payoff units)
Grid step A largest grid best-response gain largest error of evaluated value

0.016 1.5x 1074 3.5 x 1073
0.008 6.9 x 107° 1.7 x 1073
0.004 3.6 x 1075 8.7x 1074
0.002 1.8 x 1075 4.3 %1074
0.001 9.2 x 1076 2.2 x 1074
Regularity and the HJB equation

largest two-sided difference of W (13 points) 3.2x107°
largest one-sided derivative mismatch 4.4 x 1078
largest HJB residual, waiting 1.8 x 10711
largest HJB residual, low-quality band 8.6 x 1077
largest HJB residual, full effort 4.0 x 10710
largest HJB residual, high-quality band 3.1x1078
closed-form gain minus finite-difference gain 3.3x 1077

The same table reports two further checks: the two-sided differences of W and the mismatch
between one-sided estimates of W, at thirteen interface points, and the residual of the HJB equation
(6.4) evaluated by central differences at a grid of points in every region. The closed-form private gain
agrees with its finite-difference counterpart to the reported precision. At full quality the evaluator
uses the closed-form values of Section C.1, so the check there only confirms the implementation of

those formulas.

H Hidden failures: proofs for Section 8

Throughout this appendix failures are hidden. Besides the log odds x = logit p, we use the odds
X =p/(1 —p) and the quality-weighted odds Y = pip/(1 — p), which satisfy 0 <Y < X. In these
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units the myopic surplus of Section 6.1, with expected quality in place of quality, is affine,

m = % =gV — s(1+ X), (H.1)
-Pp

and the myopic curve is the line gY = s(1 + X). Above the curve py) > ¢, so 1) > ¢. The condition
(N —1)s > nh is equivalent to A(N —1)g > n, and Ns > nh to ANg¢g > 7.

H.1 The filter (Lemma 8.1)

Proof of Lemma 8.1. Measure time from the date at which the state is (p,1). Conditional on
0 = 1, quality follows a piecewise-deterministic Markov process. It recovers according to (2.1),
opportunities arrive at the rate AA; whatever quality is, and an opportunity at quality p is a success
with probability p, which stops the process, and otherwise resets quality to zero. Let E; be the
event that # = 1 and no success has occurred in (0, ], let Z; be its probability, and let M; be the
expectation of p; times the indicator of F;, so that Zy = p and My = py». On Ei, over a short
interval (¢,¢ + d], a success occurs with probability AA;M;6 + 0(d), a failure occurs with probability
MNA(Zy — My)d + o(9) and sends quality to zero, and otherwise quality rises by n(1 — p)d + o(9).
Dynkin’s formula (Davis, 1993, Ch. 2), applied to the process (¢, p;) stopped at the first success,
whose jump rate AA; is bounded and measurable, and to the functions equal to 1 and to p before

the first success and to zero after it, makes this precise and gives, for almost every ¢,

7 =-MAM, M =n(Z—M)—NAM. (H.2)

An unproductive resource has no success, so the probability of no success in (0, t] is S; = Z;+1—p, and
Bayes’ rule gives py = Z;/S; and ¢, = M;/Z;, where Z; > 0 because p > 0. Hence 1 —p; = (1—p)/S;,
so that X; = Z;/(1 — p) and Y; = M;/(1 — p), and (H.2) becomes

X = —)\AY, Y =n(X —Y) — MY, (H.3)

Since p = X/(1+ X) and ¢ = Y/X, differentiation gives (8.1). The probability of a success in
(t,t + dt], given none before ¢, is NA; M, dt/S; = NApiipy dt. A success shows everybody that § =1
and that quality is zero, so it sends the state to (1,0). O

By (H.3), X —=Y = (1 —4¢)p/(1 — p) falls at the rate n whatever the effort. When failures are
observed, Y = pX and the belief follows (2.2), so that X = —AAX, and the second equation of
(H.3) still holds. Before a discovery, the two models therefore differ only in which opportunities end
the search for a productive resource. Every opportunity does so when failures are observed, and
only the successes do so when failures are hidden. After a discovery they also differ in how effort

moves quality, and that difference drives Proposition 7.
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H.2 Trajectories and the reduction

Let 0 <p<1land® <1,andlet c =log(X —Y) =z +log(l — ). By (H.3), ¢ = —n whatever the
effort, and = = X/X = —AAY, with ¢ = 1 — e“~*. The clock ¢ thus plays the role of the quality
clock of Section 6.1, and effort moves only x, at the rate \¢) per unit. If ¢y < 1, then ¢; = ¢o — 0t is

finite and v, < 1 for all t. If )9 = 1, expected quality stays at one until a success, whatever the
effort, and the belief follows (2.2).

We define trajectories as in Section 7.1, with this clock in place of the quality clock. Fix the
opponents’ strategies and a measurable schedule u of player i, put ¢(t) = ¢g — nt and ¥ (y,c) =
max{0,1 — e“ ¥}, and let A_;(x,t) be the set (7.2) computed from the opponents’ aggregate effort
> ji aj(expity, ¥ (y,c(t))) at the clock value ¢(t). A trajectory is an absolutely continuous function

z(+) such that, for almost every t,
&(t) = =X (x(t), c(t)) [u(t) + A_i(¢)] for some A_;(t) € A_;(x(t),t). (H.4)

Successes of player ¢ and of the opponents arrive with intensities Aupy and AA_; py. At ¢ = 1,
trajectories are those of Section 7.1 at p = 1. On the edge p = 1 the state is ¢, and trajectories are
defined in the same way for v = (1 — ) (n — Mp[u + A_;]), with the opponents’ aggregate effort a

function of ¢. Profile paths and well-posedness are defined as in Section 7.1.

Lemma H.1 (Well-posedness). (a) If, at each value of the clock, every opponent’s strategy is
nondecreasing in x, then from every state with 0 < p < 1 and v < 1 the profile is well posed
against unilateral deviations before a discovery, and two trajectories generated by schedules u
and @ from the same state satisfy |x(t) — 2(t)| < A fy |u — @] do.

(b) If every opponent’s strategy on the edge p = 1 is nondecreasing in 1, then the profile is well

posed against unilateral deviations on the edge.

Proof. (a) The function v (y, ¢) is continuous and nondecreasing in y, so the right side of (H.4) is
the Filippov regularization of a Borel function bounded by AN, and trajectories exist as in the proof
of Lemma 7.1. They stay in the state space, because 1) = 0 where x < ¢, so that £ = 0 there while
¢ = —n. Let x and Z be trajectories for uv and @ from the same state, with effective efforts A_; and

A_;. Both face the same clock path c(t), because effort does not move the clock. If z(t) > Z(t),
then A_;(t) > A_;(t) > 0, as in the proof of Lemma 7.1, and v (z(t), c(t)) > ¥((t), c(t)) > 0, so

Y(@) (u+ Ai) = (&) (@ + Ai) > P(a) (u—a) > ~|u —a.

Hence 4(z — )% < 2\|z — &||u — @, and the bound and uniqueness follow as in the proof of

Lemma 7.1.

(b) Existence is as in (a). Put ¢(¢) = ¥(1 — 1), which has slope at most one in absolute value
on [0,1], and let ¢ > 1 be the states at date ¢ of two trajectories with own efforts b and b. Then
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A_; > A_;, so
)b+ A_;) — o) (b+ A_y) > —p(¢)|b— b — N (¢ — ),

and 4| — Y| < {\N|¢ — 9| + 2|b — b| almost everywherei. By Grénwall’s inequality, [¢ — | (t) <
2 Jy eN=)|b — b do, which gives uniqueness when b = b. O

Lemma H.2 (Reduction). Fiz a well-posed profile, an initial state with 0 < p < 1, and a deviation
by player i with no-success schedule u, along whose trajectory the opponents’ effective aggregate effort
is A_;. If player i’s continuation value after a discovery is at most s + €, then J' — s < (1 — p)W?,

where, with my the myopic surplus (H.1) at date t,
) 00
Wt = / e_” [7“ Ut My + e wtext (ut + A—i,t)} dt,
0
with equality if the continuation value is s + €.

Proof. The proof of Lemma 6.1 in Section B applies, with the probability of no success S; =
(1 —p)/(1 — p;) from the proof of Lemma 8.1, the success intensity AA;py1y, and the expected prize
rate g ugpy in place of gugpyps. O

H.3 After a discovery

On the edge p = 1 the state is 1. Between successes 1) = (1 — 1))(n — AA®), a success arrives
at the rate AAy and sends ¢ to zero, and player i’s payoff is E [ re™"![s + ajmi(¢;)] dt, with
mi(¥) = g —s. Write F () = (1 — ) (n — AN) for the drift under full effort. If Ns > nh,
then F ]{, < 0 on [g,1). The next lemma computes a player’s surplus v over the safe payoff when all
players wait below ¢, hold expected quality at g and use full effort above it, and her private gain G

from effort.

Lemma H.3 (The known resource). Suppose that Ns > nh. For 1y € (q,1) let T(¢) be the date
at which the full-effort path from 1 reaches q, and put T(1) = co. Let v =0 on [0,q| and, for

¥ e (g,1], _ )
u(y) = /0 eTTQrrmi(Pr)dr,  Qr = exp(—AN /0 o do),

along the full-effort path (1;) from 1. Then the following hold.

(a) The function v is continuous on [0,1], continuously differentiable on [0,1) with v' =0 on [0, q],

and positive on (g, 1].
(b) On (q,1), Fxv' = (r + ANY)v — rmy.

(c) Let Gy = rmqg — MY[v+ (1 — )] on [0,1) and G1(1) = rmq(1) — Mv(1). Then G1 < 0 on
[0,9), G1(q) =0, G1(1) > 0, and on (q,1)
rmi(n— AN = 1)¢) = Mp(n+r)v

Gy = VT . (H.5)
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If (N —1)s > nh, then G1 > 0 on (g,1]. If (N —1)s < nh, then G1 < 0 on an interval (q,q+9).

Proof. (a) and (b). Since F; is smooth, negative on [g, 1) and zero at one, T is finite and smooth on
(g,1), because the path crosses ¢ with negative speed, and T'(¢)) — 0 as ¢ | q. Before T', m; > 0, so
v > 0on (g,1]. Along the path, e”""Qv(¢r)+ [y € "7Qs rm1(1)y) do is constant, and its derivative
at 7 =0 gives (b). Since m; < g(1 — ¢) along the path and T'(¢)) is at most 1) — ¢ divided by the
smallest value of |Fi| on [g,v], v(¢)) = O((¢) — q)?). By (b), v'(¥) — 0 as 1 | g, because the right
side vanishes at ¢ and F}(q) # 0, so v is continuously differentiable on [0,1). At ¢ = 1 the path
stays at one, so v(1) =r(g — s)/(r + AN), and v is continuous at one because the full-effort path
depends continuously on its initial state and the integrand is bounded and discounted.

(c) Below ¢, v =v" =0, s0o G1 = rmy <0, and G1(q) = 0. Substituting ¢’ from (b) gives (H.5),
whose denominator is negative on (¢,1), and Gi(1) = r(g — s)(r + A(N — 1)) /(r + AN) > 0. If
AN —1)g > n, then n—A(N —1)9 < 0 for 1 > ¢, so the numerator of (H.5) is negative and G > 0.
If A\(N — 1)g < 0, then, because v = O((1) — ¢)?), the numerator equals rg(¢) — q)(n — A(N — 1)q) +
O((v — ¢)?), which is positive near q. O

Let a; be the strategy of Proposition 7 on the edge, which waits below ¢, uses n/(ANgq) at ¢
and full effort above ¢, and let & = s +v. When the other players can hold expected quality at ¢ by

themselves, this profile is an equilibrium of the game after a discovery.

Lemma H.4 (Equilibrium after a discovery). Suppose that (N — 1)s > nh. On the edge p = 1, the
profile in which every player uses a1 is well posed against unilateral deviations, its profile path exists
and is unique from every 1, and it yields player i the payoff 4(v), which no unilateral deviation

exceeds. In particular, right after a discovery no deviation yields more than 4(0) = s.

Proof. Since A(N —1)q > n, the effort n/(ANgq) is below one, and a; is nondecreasing, so the profile
is well posed by Lemma H.1(b). From 1 < ¢ the profile path waits until ¢ reaches ¢, and from
P € (g,1) it uses full effort until ¢ reaches ¢q. At ¢ the drift points toward ¢ from both sides, so, as
in the proof of Theorem 4, the unique solution stays at ¢ with aggregate effort n/(Aq) = Nai(q).
From i = 1 the state stays at one.

Payoffs before the next success. Fix 1y € [0, 1), a measurable schedule b of player 4, its trajectory
(1¢) and the opponents’ effective effort A_;, and put A = b+ A_; and Q; = exp(—A fg Av), the
probability of no success by t. We show that

@(tpo) > /OOO e " Q¢ [r (s 4 bema () + Ay s] dt, (H.6)

with equality under the profile. The function Z(t) = e "' Q¢ (v1) + [y € 77 Qq[r(s+bmy) +AAsps] do

is absolutely continuous, and almost everywhere Z' = e~ Q; ¢« with

v=—rv+n(l - +bG1+ A_;(Gr —rmy).
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Below ¢, A_;j =0and v =v"=0,s0 ¢t =0brm; <0. Above ¢, A_; = N — 1, and Lemma H.3(b)
reads rv = n(1 — ) + NG1 — (N —1)rmy,s0 .= (b—1)G1 <0. At ¢, v =20 =m; = G; =0,
so + = 0 whatever the effective efforts. Thus = is nonincreasing, and since 4 > 0, 4(¢y) =
Z(0) is at least the integral up to any date, which gives (H.6). Under the profile « = 0 almost
everywhere and e "'Q(vy;) — 0, which gives equality. From 1y = 1 the state stays at one,
rv(l) = NG1(1) — (N — 1)rmy(1), and the same argument gives ¢ = (b — 1)G1(1) < 0.

Successive successes. Let J(1) be the supremum of player i’s payoff over unilateral deviations
from 1, and let B = supd,[j (1) — a(w))], which is finite because payoffs are bounded. Conditional
on the deviator’s private randomization, a deviation is a measurable schedule until the first success.
Given the history up to the first success, the rest of the deviation is itself a unilateral deviation
from ¢ = 0, because the opponents’ strategies and the law of motion do not depend on calendar
time, and its conditional payoff is measurable in that history. Its continuation is therefore worth at
most J(0) < s + B. By (I.6),

J < /OOO e Q¢ [r(s + bmy) + AAY(s + B)] dt < (o) + max{B,0} /OOO e P QNAwy dt.

The last integral equals 1 — r [ e "'Q; dt, which is at most AN/(r + AN) because @Q; > e Nt
Taking suprema gives B < AN max{B,0}/(r+AN), so B < 0. The same computation with equalities
shows that the profile’s payoff J* satisfies J*(¢) — a(¢) = v(¢) (J*(0) — s) with 0 < (¢) < 1, so
J*(0) = s and J* = 4. In particular B = 0. O

H.4 Before a discovery

Before a discovery, the reduced value of the strategy of Proposition 7 is zero on and below the
myopic curve and, above it, the discounted myopic surplus collected under full effort until the state
reaches the curve. Its private gain has a closed form. Put ¥y = n/(AN). If Ns > nh, then ¥y < q.
Under full effort, (H.3) is a linear system with eigenvalues —n and —AN and eigenvectors (1, 1n)
and (1, 1), whose solution from (X,Y") is

(X =Y)(1,9n) e + (Y —nX) (1,1) e 7
1=yN '

Let W = 0 on and below the myopic curve and, above it,

(XT, YT) =

(H.7)

T
W(X,Y):/ e ""rm(X;,Yr)dr,
0

where T is the date at which the full-effort path (H.7) from (X,Y) meets the curve. Write
FN(X,Y) = (=ANY, n(X —Y) — ANY) for the drift under full effort, and f1(X,Y) = —-AY (1,1)
for the change in the drift per unit of own effort. The private gain is G = rm + VW - f;, the

counterpart of (6.2) when a discovery is worth nothing to a player.

Lemma H.5 (Value and gain before a discovery). Suppose that Ns > nh.
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(a) From every state above the myopic curve, the full-effort path stays above the curve until a finite
date T, at which it crosses the curve with py strictly decreasing. The date T is smooth above

the curve and tends to zero at the curve.

(b) The function W is continuously differentiable on {(X,Y): X >0, Y < X}, which contains
every state with 0 < p < 1 and ¢ < 1. It vanishes on and below the curve, satisfies 0 < W <
(9 — s)X, and above the curve rW =rm+ VW - Fy.

(c) The private gain is negative below the curve, zero on it, and above it

1— 67(T+AN)T

Gzr{m—)\(g—s)Y IO

] (H.8)

(d) If (N —1)s > nh, then G > 0 above the curve.

On the line Y = X of full expected quality, which full effort leaves invariant, (b) to (d) hold for the

restriction of W, with derivatives along the line.

Proof. (a) Under full effort ¢y is a rest point of 1, so a path that starts above it stays above it,
and above the curve ¥ > ¢ > ¢n. By (8.1), %(p¢) = p[n(1 =) — ANY(1 — pyp)], which is at most
p(1 =) (n— ANY) < 0 when ¥y < ¥ < 1 and equals —ANp(1l — p) < 0 when ¢ = 1. While the
path is above the curve, ) > ¢, so p < —ANgp(1 — p), and the belief would fall below ¢ in finite
time. Hence the path meets the curve at a finite date T', and pi is strictly decreasing there. Since

m = g(py¥ — q)/(1 —p), the implicit function theorem gives a smooth 7', which vanishes on the curve.

(b) Above the curve, W is smooth because the flow (H.7) and T" are. The derivative of W in
any direction is the integral of re™"" times the derivative of m along the perturbed path, because
the term from the change in T is multiplied by m = 0 at the exit point. As the state approaches
the curve, T — 0, so W — 0 and VW — 0. Since W vanishes on and below the curve, it is
continuously differentiable. Along the path, pi falls and p falls, so m = g(py — q)/(1 — p) falls, and
0<W <m<(9—s)X. Finally e "W (X;,Y;) + [§ e "rmdo is constant along the path, and
its derivative at 7 = 0 gives rW =rm + VW - Fy.

(c) Below the curve VIW =0, so G = rm < 0, and on the curve m = 0 and VW = 0. Above
the curve, by (H.7), perturbing the initial state by (1, 1) moves the full-effort path by ee = *V7(1,1)
and m by e(g — 5)e 7. By the argument of (b), the derivative Wy = (1,1) - VIW of W in the
direction (1,1) equals 7(g — s) f e~ )7 dr and G = rm — \Y Wy is (H.8).

(d) Along the full-effort path, the exit date from the current state is T—7, so Wy = (r+AN)W; —
r(g—s),and m=gn(X —Y)—AN(g—s)Y by (H.3). Withk =n(X —Y)/Y =n(1—1)/¢ and
AY W7 =rm — G, differentiating G = rm — A\Y W7 gives
%G =(r+r)G+rS;, Si=gn(X-Y)-AMN-1)(g—s)Y —(r+r)m. (H9)
Above the curve, km = gn(X =Y )—sn(X-Y)(1+X)/Y, with s(1+X) < gY,and XY <Y (1—q)/q
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because ¢ > g. Hence

g — sn(X — };)(1 + X)

<gn(X —=Y) = AN =1)(g —s)Y <

— AN -=-1)(g—9)Y —rm

(g—qs)Y(n — AN —=1)g) <0.

Integrating (H.9) from the state to the exit point, where G = 0, gives

T T .
G:—r/ exp(—/ (T+H)d0>51d7’>0.
0 0

On the line Y = X, f; is tangent to the line, the full-effort path stays on it, Kk = 0, and the same
arguments apply to the restriction of W. O

In the units of the main text, (1 — p)S; = ns(1 — )/ — AN — 1)pi(g — s) — r(gpth — s), the
counterpart of the source S of (6.5) when a discovery is worth nothing to a player. The coefficient
r+ k in (H.9) exceeds the coefficient r of (6.6) because a unit of own effort shifts the state by
AY'(1,1), and recovery raises Y along the path at the relative rate x, whereas with observed failures
a unit of effort shifts the log odds by the constant A.

H.5 Proof of Proposition 7

Let a* be the strategy of Proposition 7. On the curve, A, () < An(q) =n/(Ag) < N —1, so a*
takes values in [0, 1], and on the edge it is a;. Since (N — 1)s > nh implies Ns > nh, Lemmas H.3
and H.5 apply.

Well-posedness and the profile path. At a fixed value of the clock, p and ¢ = 1 — e“~% increase
with z, so a* is nondecreasing in x, and Lemma H.1(a) gives well-posedness before a discovery from
states with ¥ < 1. At full expected quality Lemma 7.1 applies, and on the edge Lemma H.4. As
in the proof of Theorem 4, the inclusion & € —AYN[a*(z—),a*(z+)] has a unique solution. At
almost every date it spends on the curve, the derivative of py vanishes, and by the computation
in the proof of Lemma H.5(a) with aggregate effort A, this means n(1 — 1) = MAy(1 — q), that is
A= flm(z/}) = Na*. The solution is therefore the profile path, and it is a trajectory of every player’s
unilateral system with v = A,,/N and A_; = (N — 1)A,,/N € [0, N — 1].

Optimality before a discovery. Fix a state with 0 < pg < 1, a deviation u, its trajectory z; =
(X¢, Y;) and the opponents’ effective effort A_;. The function Z(t) = e "'W (2)+ [§ e "7r ugm(z,) do

is absolutely continuous by Lemma H.5(b), and almost everywhere =’ = e~ "', with
t=—1W+VW- fo+A_ VW - fi +uG, fo(X,Y) = (0, n(X —-Y)).

Below the curve W =0, VW =0and A_; =0,s0t=urm < 0. Aboveit A_; = N — 1 and
W =rm+VW-(fo+Nfi),sot=(u—1)G <0 by Lemma H.5(d). On the curve W =0, VIV =0
and m = 0, so « = 0 whatever the effective efforts. If ¢y = 1, the trajectory stays on the line Y = X,
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where fo = 0 and f; is tangent to the line, and the same computation applies to the restriction of
W (Lemma H.5). Since W > 0 and |m(z;)| < (g + s)Xo + s along the trajectory, because X; < Xj,
the reduced payoff of any deviation is at most W (zp). Under the profile : = 0 almost everywhere
and e "W (z) < e (g — 5)Xo — 0, so the profile attains W (z).

Optimality. By Lemma H.4, no deviation after a discovery yields more than s, so Lemma H.2
with € = 0 gives J* — s < (1 — po)W (20), with equality under the profile. At p = 1, Lemma H.4
applies. At p = 0 there are no opportunities and effort pays nothing, so waiting is optimal. Hence a*
is a symmetric Markov perfect equilibrium under the Filippov convention, with value s + (1 — p)W

before a discovery and 4 = s + v on the edge, which gives (a) and (b).

Part (c). If po < q, then pyp < ¢ along the path and nobody experiments, so p; = pg. If py > ¢,
the path reaches the curve in finite time, by waiting, which raises ¥ to ¢/pp < 1, or by full effort
(Lemma H.5(a)), and then slides along it. On the curve g¥ = s(1+ X), and X —Y = Cpe™™ for a
constant Cp > 0, so X; = (s + gCoe ") /(g — s) — q/(1 — q), that is p; — q. The probability of no
discovery by t is (1 — po)/(1 — p¢), which converges to (1 — pg)/(1 — min{po, q}).

The case (N—1)s < nh < Ns. Then A(N—1)q < n < ANgq, so aj is a strategy, and & = s+w is its
value on the edge, by the equality parts of the proof of Lemma H.4, which do not use (N —1)s > nh.
By Lemma H.3(c), G1 < 0 on some interval (g, q + 0), where the profile uses full effort. From 1)y in
that interval, let player ¢ wait for a short time 7 and then follow the profile. With only the other
N — 1 players at full effort, ¢ rises near ¢, because A(IN — 1)q < n, so for 7 small the state stays in
the interval, and the function Z of the proof of Lemma H.4 satisfies &' = —e™"Q;G; > 0 on (0, 7).
Player i’s payoff is Z(7) > =(0) = @(t)0), so the deviation is profitable. The same deviation from
g = q, a state that the profile path reaches after every success, is also profitable, because the other
players’ Filippov efforts at ¢ lie in [0, N — 1] and cannot supply the aggregate effort n/(Aq) > N — 1
that holds expected quality at g, so 1 enters (¢q,q + J) at once. O

H.6 Numerical checks

The module hidden.py of the replication package computes every object of this appendix in closed
form, and four checks support the proof. First, at the baseline the closed forms of v and W agree
with numerical integration along full-effort paths to within 2 x 107! in relative terms, the gains
(H.5) and (H.8) agree with finite differences of v and W to within 2 x 108, and (1 —p)S] is negative
at all 221,976 points of a 1,201 x 1,201 grid that lie above the curve. Second, we simulate the game
with hidden quality, in which each path draws productivity, opportunities pay with the true quality
and failures reset it unseen, with players following the equilibrium strategy from the belief 0.8 and
the qualities 0, 0.4, 0.7 and 0.95. In 400,000 paths for each initial state, the share of paths with a
discovery by date 40 lies between 0.599 and 0.601, against (0.8 — 0.5)/(1 — 0.5) = 0.6, with standard
errors of 0.0008. Third, Table 4 reports the largest gain from a deviation on the edge p = 1 when
players revise their effort every A, computed by dynamic programming. Fourth, it reports the same
gain before a discovery, where the program runs backward in the clock ¢, which falls by nA in every
step whatever the effort, so that only the log odds need a grid. When (N — 1)s > nh, the gains fall
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by about half or more each time A halves. When (N — 1)s < nh < Ns, the gain on the edge stays

near 6 x 1073, as Proposition 7 predicts.

Table 4: Largest gain from a deviation when failures are hidden

Baseline N =41 n=20.5 n=12
Step A after before after before after before after
0.02 24x107% 1.6x107% 32x1073 24x1073 76x10* 89x107* 55x1073
0.01 1.2x107% 88x107% 12x1073 91x107* 35x107* 44x107* 59x1073

0.005 53x107% 42x107* 51x107% 41x107* 19x107° 1.7x107* 6.1x1073

Notes: payoff units. Players revise their effort every A, and opponents use the equilibrium effort of Proposition 7
at the latest revision date. After: largest gain on the edge p = 1, over 2,002 expected qualities. Before: largest
gain before a discovery, over states with beliefs in [0.05,0.95] and expected qualities in [0,0.99], with a grid step of
A in the log odds. Other primitives at the baseline. (N — 1)s = nh at the baseline, (N — 1)s > nh for N = 4 and
for n=10.5, and (N — 1)s <nh < Ns for n =1.2.
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