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Topics

1. KKT Conditions and the Envelope Theorem
2. Examples

3. Exercises



1 KKT Conditions

Consider the problem
V(b)=  max  f(z).

 {z€Rng(z)<b)
Here z e R", f : R" - R, g : R" - R™ and b € R™. This is equivalent to writing:

V(b) = max(m ..... zpn)ER™ f(xl, ce ,])n>
st. gl<x1a"'7xn) Sbl

The Lagrangian associated with this problem is

Lz, A) = f(z) + A (b—g(z))

m

= flar, o ma) + Y il — gilwn, - x)).

i=1

Here, recall that if u,v € R* then the dot product between u and v is v - v = Zle UiV;.

The Kuhn Tucker conditions are:

D, L(x,\) =0
g(z) <b
A-(b—yg(x))=0
A>0.

You may translate these into its non-vector form for practice. The main theorem is the
following.

Theorem 1.1.

o (Necessity) If f is continuously differentiable and if Constraint qualification holds then
at any optimum z*(b) there exists some A € R™ such that the KKT conditions are
satisfied.

e (Sufficiency) If f is furthermore concave in (zi,...,x,) and each g; is convex in
(1,...,2,) and the KKT conditions are satisfied for some (x,A) then 2*(b) = z.
That is, z is an optimum.



We say that constraint j € {1,...,m} is binding if g;(z*) = b;. That is, at the optimum,
the constraint holds with equality. We say that constraint j is slack otherwise. Note that if
constraint j is slack then, since each A; > 0, its corresponding Lagrange multiplier \; must
be 0 in order to satisfy the complementary slackness condition A;(b; — g;(x)) = 0.

A nonnegativity constraint is any constraint of the form g;(z) > 0. The multiplies associated
with nonnegativity constraints are often denoted by f; instead of A;.

1.1 The Envelope Theorem

The Envelope theorem is the following

Theorem 1.2. Suppose (z*, \*) solves the KKT conditions. Then, under certain conditions,
V(D) = O\L(x*, \*) = A\,

2 Examples

Example 1: Consider

V(b) = max /x
BAS
st.x <b
x>0,

where b > 0.

This is in the general form described above with n = 1, m = 2, f(z) = /z, ¢1(x) = =z,
g2(x) = —x, by = b, by = 0. Here there is only one parameter: b. It is easy to see (since f is
strictly increasing) that the maximizer is z*(b) = b. So the value function is V (b) = v/b. Its
derivative is V'(b) = ﬁg Let us now obtain the same result using the KKT conditions.

The Lagrangian is
L(x, A\, pn) = f(z)+ Ab—x)+ px.
The KKT conditions are:
L A+ pu=0
2Vx
r<b
x>0
AM(b—x)=0
Az =0
>0
o > 0.



Since f is concave and the constraints are convex, these conditions are sufficient for charac-
terizing z*. To solve this system, we see that z*(b) # 0 since, for example, z = b/2 yields
higher utility. The condition psz = 0 then becomes po = 0. This reduces the system to

1
=0
2V

r<b
p(b—x) =0
p1 = 0.

Next, if < b then py = 0 This would require

1
2\/x

which is not possible. So it must be that A\ > 0. This tells us that x = b. To check that

A > 0, we use the first equation to find that A\ = ﬁg > 0 due to b > 0.

=0,

We could solve this faster by figuring out which constraints are binding and which are slack
as follows. Since /z is strictly increasing, z* = 0 cannot be the optimum (in fact, we
automatically know from this that * = b but lets pretend we don’t). So the constraint
x > 01is slack. Thus py = 0. If x < b (the first constraint is slack) then it must be that
A = 0 from which we would find that ﬁi = 0, which is not possible. So it must be that

_ : * 1
x = 0, from which we find that \* = NG > 0.

-

The envelope theorem in this context tells us that V'(b) = \* =

S

2

Example 2: Consider

MaX (g, ,z)eR? L1712
st. 2x1+2x, < L

x>0

x9 >0,

Where L > 0.
The Lagrangian is

L(x1, A\, pa, o) = 2129 + A(L — 221 — 29) + pyx1 + fioZs.



The KKT conditions are

To =2\ 4+ py =
T1— 2+ jg =

201 + 229 < L

1 >0

T9 >0
ML — 2z — 219) =
H1x1 =
Moo =

W1, fo, A > 0.

Again, these characterize the optimum because the objective is concave and the constraints
are convex.

If either z; = 0 or x9 = 0, f(x1,22) = 0 and this can be improved by setting x;,z > 0. So
neither of the non-negativity constraints are binding. Thus puy, pue = 0. If 221 + 225 < L
then A = 0 and we would now find that x;, x5, = 0, which we argued is not the optimum.
So it must be that 2z, 4+ 229 = L. The first two constraints now imply that z; = x5 := .
Substituting back we find that 4z = L, from which (x,z2) = (L/4, L/4). Solving for A\ we
find that A = L/8 > 0.

Example 3: Consider

V(X) = max fi(x1) + fa(w2)

1,2
st. v+ 19 < X

x1, 22 > 0.

Here X > 0. This is a general form of a constraint optimization problem that a central
planner would solve in order to coordinate production. There are two firms and f; and f,
are the production functions of firms 1 and 2, respectively. These firms use the same resource
type to produce a good. There is a total amount of X of the resource available. The central
planner wishes to allocate this total resource amongst the two firms in order to produce the
most amount of the good possible.



You should write the Lagrangian yourself for practice. The KKT conditions in this case are

filz) = A+ =0
fo(x2) = A+ p2 =0
T+ 2 <X
T1,T9 > 0

AMX =21 —29) =0
piry =0

poxs = 0.

Note that the first two conditions tell us that at an optimum where both firms are producing
(so when p; = 0 = pg), it must be that f/(x;) = f'(x2). That is, marginal product must be
equalized amongst the two firms. In this situation, V'(X) = \* = f'(z]) = fi(x3).

In the preceding, the central planner knew f; and f, and coordinated production in an
optimal way. The result was efficient. We can achieve the same result by introducing prices.
Suppose the resource X costs a price p. Then each firm solves

max/(x) — pr

r < X.
Since the objective is concave, interior optima satisfy fij(x) = p and fi(z) = p. So again

fi(z) = fj(x). To achieve the same solution as in the planner problem, we can use p = \*
(then the FOCs for interior optima will coincide).

3 Exercises

Exercise 1: Consider the problem

max f(x).

z€[a,b]

Suppose [ is continuously differentiable in x and let x* € [a, b] be the optimizer (note that
such an optimum exists due to the continuity of f). Show that the following necessary
conditions hold for this problem.

o If z* € (a,b) then f'(z*) = 0.
o If 2* = a then f'(a) <O0.
o If z* = b then f'(b) > 0.

If f is concave then show that the following sufficient conditions also hold:

6



o If z solves f'(z) =0 and z € [a,b], then = z*.
o If f’(a) <0 then a = z*.
o If f/(b) > 0 then b = z*.
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Exercise 1. An expected utility maximizer has a strictly increasing and strict concave
expected utility function, u(x). She has current wealth w and can buy a share, 0 < a < 1, of
a risky investment X. The investment has the possibility of losing money, Prob(X < 0) > 0,
but it has a strictly positive mean, £ X > 0. The decision maker’s problem is

max, Fu(w+aX)st.0<a<l1.

1. Show that f(a) = Eu(w + aX) is strictly concave.

2. Show that a* > 0.

Exercise 2. An expected utility maximizer has a strictly increasing and strict concave
expected utility function, u(z). She has current wealth w and faces a loss L > 0 with
expectation y = F' L > 0. For a premium pvy, 0 < p < 1, she can insure p of her loss. This
means that if L = x, then her wealth is (w—py)—z+pz. Let f(p) = Eu((w—py)—X+pX).
Show that the solution to the problem max f(p) s.t. 0 < p < 1is p* = 1.

Exercise 3. There is an amount X available of one productive resource. There are n
different sites where this productive resource can be used. For each i, fi(z;) > 0 is the
output from site 7 if the amount of the productive resource used at site i is ;, and it satisfies
fi(0) =0, f/(0) >0, and f/(z;) <0 for x; > 0.

For > 0 an n-vector, we define f(x) = >, fi(x;), and letting 1 be the n-vector 1 =
(1,...,1), we define g(x) = 1 - & so the problem under study is, for X > 0,

V(X) = max f(x) subject to g(x) < X, > 0.

A. Give the non-vector form of the Kuhn-Tucker conditions for the problem V(X).

B. Suppose that the solution * = x*(X) satisfies * > 0.

1. Show that the Kuhn-Tucker conditions imply that for all 4,5, f(x}) = f(z}).
2. Give V'(X).

C. Suppose that the solution z* = x*(X) satisfies 2} > 0 and 2} = 0.

1. Show that the Kuhn-Tucker conditions imply that for f(z}) > fi(z}).
2. Give V'(X).



[0}

Exercise 4. The Cobb-Douglas (CD) utility function for two goods is u(zy,z) = 2§73~
for 0 < a < 1. A consumer with a CD utility function solves

V(p1, p2, w) = maxu(xy, z3) subject to p1xy + pars < w, 1 >0, x9 >0,
T1,T2

where py,po > 0 and w > 0.

1. Write out the Lagrangean function for this problem.

2. Write out the Kuhn-Tucker conditions for this problem.
3. Show that the solution never involves either z; = 0 or z5 = 0.
4. Use the previous, simplify and show that x*(p,w) given by pszT = o« and Z%xs =1—-«

solve the Kuhn-Tucker conditions.

5. The “bang for the buck” spent on good i is (Qu(x)/0z;) /p;. Show that at the optimum,
the bang for the buck is equalized across the two goods.

6. From the equality of the bang for the buck spent on the two goods derive the fact that the
consumer’s MRS (marginal rate of substitution) between the two goods at the optimum
is given by the ratio of the prices for the two goods.

7. Give V(p1,p2,w) and check that OV (py, pe, w)/Ow = N*.

Exercise 5. Consider the problem

max u(x1, T2) subject to p1x1 + pare < w, x1 >0, 9 > 0.
1,22

where u is twice continuously differentiable, strictly increasing, and concave, p;, ps > 0 and
w > 0.
1. Show that if 2* € R? solves the preceding optimization problem then p - z* = w.

2. Decompose the KKT conditions into cases (similar to the 1 — d case).

Exercise 6. The linear utility function for two goods, also known as perfect substitutes,
is u(xy, o) = byxy + boxs for by, by > 0. A consumer with a linear utility function solves

V(p1, p2, w) = maxu(xy, z3) subject to p1xy + pars < w, 1 >0, x9 > 0.

1. Write out the Lagrangean function and the Kuhn-Tucker conditions for this problem.

2. Show that the bang for the buck determines demand behavior: what is the optimum if
z% > ;’)—z, what if the inequality is reversed, and what if the inequality is an equality?

e b b by _ b oy
3. Verify in both cases, 2t > 72 and 2> < 2, that OV (p1, pa, w) /0w = \*.
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1. Value Function, Choice Variable, Parameters

2. 1-d comparative statics.



1 Value Functions and Maximizers

Economists usually assume that decision makers choose by maximizing some objective func-
tion. The variable that the decision maker can manipulate is called the choice variable. In
most cases, their objective functions also depend on parameters that are outside of their
control. In the simplest setting, such problems will often look like

max f(z,p),

f is some concave function in x, known as the objective function and D is some set, known
as the constraint set.

For each p, let 2*(p) be the value of the choice variable that solves the preceding problem
for that p. This is often written as

z*(p) = argmax f(z,p).
xeD

Then the value function associated with the preceding problem is

We often write this as

as well.
The value function is an “actual” function. Each parameter value p maps to a number (the
value, V(p)) as following:

1. For a fixed p, obtain z*(p) by solving arg max,.p f(z,p).

2. Substitute 2*(p) into f to obtain V(p) = f(z*(p), p), which is just a function of p (there
is no dependence on z on the right!)



2 Comparative Statics

Consider the problem
V(p) = max f(z, p)

xE€S

where S is either [a,00) or [a,b] and p € © C R. Comparative statics is concerned with the
following two questions:

1. How does the optimal choice z*(p) depend on the parameter p?

2. How does V (p) depend on p?

2.1 The dependence of z*(p) on p.

There are two approaches to this problem.

Implicit Differentiation Approach: The first approach uses implicit differentiation in

order to obtain information about %@. We will illustrate this approach, being especially
p

careful to justify the steps we are taking.

1. First, we need to either assume or show that z* really exists. In the case when the
constraint set is [a, b], continuity of f guarantees that x*(p) exists for all p. However,
note that even if f(z,p) is concave in = then it need not have a maximizer over [a, 00).
Think about the function log(z), for example.

2. In this approach, we plan on obtaining information about %. In order to justify
this, z*(p) should be a differntiable function of p (otherwise what do we mean by taking
a derivative)? To do this, show or assume that z*(p) is a singleton (that is, that there
is just one optimum for each p). One assumption that always guarantees this is the
assumption of strict concavity: if f(z,p) is strictly concave in = and if x*(p) exists for

each p, then it must be a singleton.

3. The next step is to find a mathematical equation that x*(p) must satisfy. This can be
done by taking a look at the necessary conditions: if z*(p) is interior for all p (that is,
if 2*(p) € (a,b) in the first setup or if 2*(p) > 0 in the second setup), then z*(p) must

satisfy 0. f(2*(p),p) = 0.

4. Once we have the equation 0, f(z*(p),p) = 0, we assume (and verify later) that %;p)

exists and implicitly differentiate both sides of this equation. This is easier to do when



we know the particular form of f, but we can also do it to the general f we have here
using the chain rule. We will obtain:

dx*(p)
dp

02 f(z*(p),p) + Oupf(z"(p),p) = 0.

From this, we would solve for @) and find that

D) o)
dp 2f(z*(p),p)

This expression is well defined so long as the denominator is not zero and so long as f
is twice continuously differentiable (notice the second derivatives). The former could
be guaranteed by assuming that f is strictly concave in z (the existence problem is
still there for unbounded sets) and the latter can be handled by assumption.

5. Notice how the expression for d( 2) is controlled by 8 o (2*(p), p) and by 92 f (z*(p), p).

The former term appears in monotone comparative statics (see next method) and the
latter is determined due to concavity.

Example: Consider the problem

V(a) = max (v(s,a) — c(s,a)) .

a>0

We want to determine the sign of %ﬁ").

Let f(s,a) =v(s,a) — c(s,a). To use the implicit differentiation approach, we should make
some assumptions. Suppose v is strictly concave in s and c is strictly convex in x. Suppose
further that 0s,v(s,a) > 0 and 0sqc(s,a) < 0. We will see why we need these assumptions
shortly.

Notice that the assumptions imply that f is continuously differentiable in a. Suppose a*(s)
exists for all s and that a*(s) > 0. Then it must be the case that 0,f(s*(a),a) = 0. Taking
the implicit derivative with respect to a yields (see the expression in step 4 also):

da*(s) O f(s,a)
ds — 2f(s,a)"

This is equivalent to
da*(s) _ Osav(s,a) — Osec(s, a)
ds — 0%v(s,a) — 0%c(s,a)
Due to our assumptions, the numerator of the preceding expression is positive (this is implied
by the assumptions on the cross partials) and the denominator is negative (this is implied
by the fact that v is strictly concave in a and c¢ is strictly convex in a so that f is strictly

concave in a). Therefore the entire expression (once we account for the negative sign) is
da (s)
> 0.

strictly positive. Thus



Please note that you don’t have to memorize the general formula in step 4 of the preceding,
you can get it from the first order conditions every time.

As you read this problem, ask yourself where the concavity assumption was used and why
the cross partials mattered.

Monotone Comparative Statics Approach. We first define some terms and state an
important theorem.

Theorem 1. Definitions:

e The function f described in the preceding is supermodular if for any 6°,0 € O,
20,2 € X, if 0° > 0 and 2° > x then

f('roueo) - f(x780) > f(xo’e) - f(xa 6))
f is strictly supermodular if the preceding inequality is strict.

e f is submodular if the inequality in the preceding is reversed and strictly submod-
ular if it is reversed and strict.

Topkis Theorem: Let #° > 6. Suppose z*(6°) and z*(#) be singleton sets. If f is super-
modular then x*(0°) > x*(0). If f is strictly supermodular then the z*(6°) > z*(0). If f is
submodular then z*(6°) < 2*(0) and if f is strictly submodular then z*(6°) < z*(6)

In case f is twice continuously differentiable in x and 6 then we can check for super/sub-
modularity by checking the cross partials:

Lemma 1.

1. f is supermodular if and only if f, o > 0. f is strictly supermodular if the preceding
inequality is strict.

2. f is submodular if and only if f,p < 0. f is strictly submodular if the preceding

inequality is strict.

The preceding can be proven using the definition of super/sub-modularity and the funda-
mental theorem of calculus.

The preceding gives us the following two step approach to comparative statics:

1. Check if the objective function is super or submodular.

2. If f is supermodular then x*(p) is (weakly) increasing in p. If f is submodular then
x*(p) is decreasing in p



Example: Consider

max (py —c(y)) -

Without any assumption on ¢(y), notice that the cross partial derivative of the objective is
1 > 0. So the objective is supermodular. By Topkis’ theorem, y*(p) (if it is singleton) is
increasing.

Example: Consider

V(a) = max (v(s,a) — c(s,a)).

a>0

with the assumptions that v is strictly concave in s, ¢ is strictly convex in z, ds,v(s,a) > 0,
and Os.c(s,a) < 0. Using just the cross partial derivatives, we find that the objective is
supermodular. So by Topkis’s theorem, a*(s) (if it is singleton) is increasing.

Note that we did not use concavity/convexity!

3 The dependence of V on p: The Envelope theorem.

Consider the problem

V(p) = ma X,
() g(xm)}éof( P)

Suppose that f and g are continuously differentiable. Recall that the Lagrangian for this
problem is

‘C(X7 p) - f(Xv p) +A- g(X, p)
Suppose z*(p) and \*(p) solve the optimization problem. Then

Theorem 2. (The Envelope Theorem) If V and £ are continuously differentiable then

oV(p) _ OL(xD)
Ip; Pk (e (p) A= (p))

(1)

Example For the consumer’s problem, the Lagrandian was u(x) + A+ (w —p-x) + p - x.
So the change in the value with respect to w is A. By Dual feasibility, A > 0. This tells us
that the consumer cannot be worse off when their wealth increases.
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Exercise 1. Suppose that a person has an original amount a of a good. By sacrificing x
of it, they can produce y = fg(z) of another good where # > 0 is a parameter (in the sense
discussed in the Readiness Check) that measures the productivity of the production process.
The person’s utility depends on both goods, and they solve the utility maximization problem
max,>o u(a — z,0¢g(x)). Suppose that: u(c,y) = log(c) + y; that g(z) = x, and that a > 1/6.

1. Give the KKT conditions for the maximization problem max,>ou(a — x,0g(x)).
2. Solve for z*(0).

3. Show that x*(0) depends positively on € by implicitly differentiating the KKT conditions,
and check your answer by differentiating your answer to the previous part of this problem.

Exercise 2. For p > 0, let V(p) = max,>o 7(y, p) where 7(y,p) = py —c(y) and ¢’ (y) > 0.
[This is the simplest version of a firm’s profit maximization problem, y is quantity produced,
py is revenue when y is sold at prices p, and ¢(y) is the cost of producing the amount .

1. Check that for all values of the parameter p, 9*w(p,y)/0y < 0.

2. By implicitly differentiating the KKT conditions when y* > 0, show that dy*/dp > 0.
Now show that y* is increasing in p by using Topkis’ theorem.

Explain the economics behind dy*/dp being greater than 0.

Using the Envelope theorem, show that when y* > 0, dr/dp = y*(p).

A

If ¢(0) = ¢ > 0, give the range of prices p for which y*(p) = 0.

Exercise 3. Suppose that a — B(a) is a benefit function for a > 0 that satisfies B’(a) > 0,
B"(a) < 0. Also suppose that a — C(a) is a cost function that satisfies C'(0) =0, C’(a) > 0
and C"(a) > 0 for a > 0. For 6 > 0, let V(0) = max,>o B(a) — 6C(a).

1. Check that for all values of the parameter 0, 9% (B(a) — 0C(a)) /0a < 0.
2. Find whether da*/df is positive or negative.
3. Explain the economics behind the sign of the answer in the previous question.

4. Give conditions on B'(0), C’(0) and 6 for which a* = 0.



Exercise 4. Suppose that someone is planning for current consumption, at time ¢ = 0,
and future consumption, at ¢ = 1. Throughout, we assume that the person has an amount
X at t = 0, and what they do not consume at ¢t = 0 can be used at ¢t = 1. Consider the
optimal savings problem with pure time discounting,

maxs>o U(X — s,8;8) = u(X — s) + Bu(s),

where u(-) is concave and increasing and 0 < § < 1 is the amount by which future consump-
tion is discounted in utility.

1. What happens to optimal savings as ( increases?
2. What happens to optimal savings as X increases?

3. The result in the previous part of the problem depends on the concavity of u(-), that is,
on the decreasing marginal utility of consumption in any period. Why?
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1 Metric Spaces

A metric space (M, d) is a set M together with a metric d, which is a function d : M x M — R
that satisfies the following three properties:

e (Positive Definiteness) For all x,y € M, d(z,y) > 0, and d(z,y) = 0 if and only if
r=y.

e (Symmetry) For all z,y € M, d(x,y) = d(y, x).

e (Triangle Inequality) For all z,y,z € M, d(z,z) < d(x,y) + d(y, 2).

When there is no risk of confusion, we may omit reference to d.

1. Let X be any set. Show that d : X x X — R defined by

A y) = {1 if vy

0 otherwise.

is a metric on X (known as the discrete metric) and (X, d) is referred to as a discrete
metric space.

2. Let X = R? and denote z € X by x = (zy,xs), with 1, 75 € R. Defined,, : X xX — R
via dyo(z,y) = max{|x; — 1], |r2 — y2|}. Show that d, is a metric on X.

3. Prove that if (M, d) is metric space and p, ¢, z,y € M then |d(p, q) —d(z,y)| < d(p, z)+
d(q,y).

4. C C R™ is convex if \x + (1 — N\)y € C whenever z,y € C' and X € [0, 1]. Prove that
the open unit ball {x € R™: d(z,0) < 1} is convex.

Let (X, d) be a metric space and for any x € X, let N.(z) = {y € X | d(y,x) < €}.

e A sequence in a metric space (M,d) is a function f : N — M. It is often denoted by
(pn».f:l where Pn = f(n)



2 THE METRIC SPACE (R, |-|)

2

A sequence (a,) with values in X converges to a € X if for all € > 0, there exists
N € N such that for all n > N, a,, € N.(a).

A sequence (a,,) with values in X is Cauchy if for all € > 0 there exists an N € N such
that for all n,m > N, d(a,,a,) < €.

A metric space (X, d) is complete if every cauchy sequence in X converges to a point
in X.

Aset A C X is open in (X, d) if for all a € A, there exists an € > 0 such that N.(a) C A.
A set F C X is closed in (X,d) if F¢is open in X.

A point z € X is a limit point of A C X if for all € > 0, there exists y # x such that
y € Ne(z) N A.

. Show that < converges to 0 in (R, |-|) but not in (R, d) where d is the discrete metric.

Show that a convergent sequence is Cauchy. Construct an expicit example of Cauchy
sequence in a metric space that does not converge.

If (X,d) is a metric space then show that X is open in (X, d).
Find an example of a metric space in which all subsets are both open and closed.

Let X be a set and d the discrete metric on X. Show that a sequence a,, in X converges
to a € X if and only a, is eventually constant. That is, if and only if there exists an
N € N such that a,, = ay for all n > N.

Show that a discrete metric space is complete.

Let (X, d) be a metric space. Show that F' C X is closed in (X,d) if and only if F’
contains all of its limit points.

Prove that the intersection of any number of closed sets is closed and the union of any
number of open sets is open.

The Metric Space (R, H)

The most well known metric space is R with d(z,y) = |z — y|. We collect releveant facts
about R here.

Let A C R. Then

(Upper Bound): A is bounded above if there exists b € R such that b > a for all
a € A. In this case b is an upper bound of A.

2



3 CONTINUOUS FUNCTIONS BETWEEN METRIC SPACES

e (Least Upper Bound/ Supremum): s € R is the least upper bound or supremum
of A if (i) s is an upper bound of A. (ii) if b is an upper bound of A then s < A.

e (The Axiom of Completeness): Every nonempty set of real numbers that is
bounded above has a supremum.

1. Find an example of a set A that is bounded above but for which sup(A) is not in A.

2. Assume s is an upper bound of A. Prove that s = Sup(A) if and only if for every
€ > 0, there exists an a € A satisfying s — e < a

3. Prove that the supremum of a set (when it exists) is unique.

4. Find (without proof) the supremum and infimum of the following sets:
(a) {m/n|m,n e N,m < n}.
(b) {(=1)" | m,n € N}.
() {n/(3n+1)|n e N}.

5. A real valued sequence (a,,) is said to be monotone if it is either increasing (a, < @41
for all n) or decreasing (a,, > a,41). Prove that if a monotone (a,) is bounded then it
converges.

Continuous Functions Between Metric Spaces

e A function f: (M,dy) — (N,dy) is continuous if

(Vx,y € M)(Ve > 0)(36 > 0)dy(x,y) <d = dn(f(z), fly)) <e.

1. Show that the following functions are continuous at the given point.
(a) f(x) =3z —5atz=2.
(b) f(z)=2*at z = 3.
(c) flx)=1/x at x = 1/2.

Prove that f is continuous if and only if it sends convergent sequences to convergent
sequences, with limits being sent to limits.

2. Find an example of a Cauchy sequence (z,)%; and a continuous function f : I — R,
where I C R is an open interval, such that the sequence f(z,) is not Cauchy. Why
does this not contradict the preceding?

3. Prove that if f : (M,dy) — (N,dy) is continuous then f~!(O) is open in M whenever
O is open in N.



4 COMPACTNESS

4 Compactness

e A set S in a metric space (M, d) is compact if, given any collection of open sets (O;);er
such that S C U,c;0;, there is a finite index set ' C I such that S C UjepO;. AKA:
“every open cover has a finite subcover”.

e A set S in a metric space (M, d) is sequentially compact if every sequence in S has a
subsequence that converges to a point in S.

e Theorem: For metric spaces, compactness and sequential compactness are the same
thing.

Prove the following

1. a finite subset of a metric space is compact.

2. a closed subset of a compact metric space is compact.

3. a compact set is closed and bounded.

4. (0,1] is not compact.

5. Let f: K — R be a real valued continuous function defined on a compact set K.

(a) Show that the image of K under f is compact.
(b) Show that f is bounded.

(c¢) (Extreme Value Theorem) Show that f achieves its maximum and minimum val-
ues.
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1 Finite Horizon Consumption-Saving Problem with
Log Utility

Recall the problem

T

V(kg) = max Y Bu(c)

(ce,ker1)E, —0
Ct+kt+1 S f(/{?t) fOTT+1 ZtZO
¢, kg >0for T >t >0,

Where u is strictly increasing, concave and with lim, o u/'(z) = 0o, limy4eo v/(x) = 0, f(0) =0
and ko > 0 is given.

Recall that the KKT conditions in this case yield

]fT+1 =0
cr = f(kr-1)
u' () = pu'(cpn) f'(kyyr) for t =0,..., 7 —1
5TU,(CT)]€T+1 =0

Remember that we wrote the last condition just to foreshadow the transversality condition.

We show how these equations can be solved for a particular specification. Suppose u(c¢;) =
log(cy) and f(k:) = Aky.

1. Solve the equation for 7" = 2 in this case. You should find something like:

ki = (1+ pa)Bacy
ky = Bacy

Ak§
1+ fa+ [2a?
¢ = coﬁAak‘f‘_l
Cy = clﬁAakS_l

Co —

2. Now solve the equations for general T



3 SOLVING THE BELLMAN EQUATION

2 Bellman Equation

We are now considering the infinite horizon case. We know that k;y1 = f(k;) —¢;. Bellman’s
principal of optimality allows us to write the Value function as

V(ko) = 0<1§?<aﬁk0) {u — k1) + ﬁV(/ﬁ)}

We know that 0 < k; < f(ko) so the optimizer satisfies
—u'(f(ko) — k1) + BV'(k1) = 0

By the envelope theorem,

V' (ko) = u'(f (ko) — k1) f' (ko).

1. Show that substituting this into the preceding yields the Euler equation from before.

3 Solving The Bellman Equation

In order to solve the Bellman equation, we must find both the value function V (k) and the
policy function ki (ko).

1. How would find the value function and the policy function help solve the problem?

2. Do we need both the value function and the policy function?

Now recall the general discussion about fixed point problems of the type
L(z)==x

where L is a mapping on a metric space.

1. Let Cla,b] = {f : [a,b] — R | f is continuous}. Define the norm of f € Cla,b] as
| flloo = maxyeap|f(x)]. Define the metric d on Cla,b] via d(f,g) = ||f — gl/cc-

(a) Show that d is a metric on Cla, b].
(b) Define L : Cla,b] — C|a,b] via

(L(g))(x) = max {u () — k1) + 59(1@)}.

0<k1<f(x

Show that (under the assumptions on f and u from the preceding) that L maps
Cla, b] to Cla,b].



3 SOLVING THE BELLMAN EQUATION

2.

W

(S48

=

We say that L : (M,d) — (M,d) is a contraction mapping on the metric space (M, d)
if there exists § < 1 such that d(L(x), L(y)) < B

(a) Suppose L is a contraction mapping on (M,d). Let xg € M. Show that the
sequence s; = g, 81 = L(xg),s3 = L*(z0),... is a Cauchy sequence. Thus if M
is complete, the preceding sequence converges. Hint: if x,, > x,, then d(s,, ;) <
d(Sms Smy1) + ...+ d(s,_1,8,). Then note that d(sg, spy1) = d(LFxg, L¥sy).

(b) If (M, d) is complete then show that s = lim,, s, satisfies L(s) = s. Furthermore, s
is the only element of M that satisfies this relation. Therefore s is the unique fixed
point of L. Hint: Show that if L is a contraction mapping then L is continuous.
Then interchange limits.

Consider the operator L from (b). Show that L satisfies the following two properties:

o If g < g» (pointwise) then L(g;) < L(gs).

e If c € R then L(g+c¢) < L(g) + BL(c) for some 0 < § < 1. Note that addition is
defined pointwise.

Show that the preceding two facts along with the fact that L maps continuous functions
to continuous functions imply that L is a contraction mapping on Cla, b]. HINT: Recall
that d(L(g1), L(g2)) = ||g1 — g2]|lce- S0 you can try to show that ||L(g1) — L(g2)|lee <
Bllgr — gz2llee- Note the fact that g1 = g2 + g1 — g2 < g2 + (|91 — g2lleo- Then use the
two properties to obtain L(g1) < L(g2) + 5|91 — 92| co-

Show that Cla,b] is a complete metric space (under the metric specified above. Thus
the operator that defines the Bellman equation is a contraction mapping. This implies
that we can solve the Bellman equation by starting with an initial function V; and
forming the sequence V; = L(Vp), Vo = L(v1), ..., in order to obtain the fixed point of
L (the Value function).

Instead of iterating, find the fixed point of L by guessing that it is of the form V(z) =
E+ Flog(z) (find the E and F that make it work out). HINT: find the policy function

for this guess first. You should find that k; = 1f%flk"‘.

Find L(0), L*(0), L3(0). Compare with the preceding.
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. Solve

. Solve
max xry

p1x + pay < 100
r<7T
x,y > 0.

Your answer should consider the possible values of 7.

. Solve
Q{{lgj’([(pl@l)@l + p2(Q2)Q2 — b(Q1 + Q2) — cK
Q<K
Q2 < K,
where

Pi(Q1) =22 —107°Q,
Py(Qy) = 18 — 107°Q,.

. Let e € 0,1 and £(e) a random variable supported on {0, L} with Prob(¢(e) = L) = 7.
Let u be increasing and concave. Suppose that t—zg <7 and that 0 < 7, < 1.

(a) Consider

max p— (1 —m(e))By — w(e)By

e,p,Bo,BL,

(1 —7(e))u(w —p+ By) +7m(e)u(w —p— L+ Br) —d(e) > .

i. Fix e € {0,1} and show using the KKT conditions that the constraint in the
previous problem holds with equality.

ii. Argue that
1

=A
u'(w—p—~{+ By)

for each ¢ € {0,L}. Here X\ is the Lagrange multiplier. Explain why this
implies that B, — ¢ is constant in /.
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